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Abstract 

Suppose Ml and M2 are two special Lagrangian submanifolds with boundary of R^" , > 3, 
that intersect transversally at one point p. The set Mi U M2 is a singular special Lagrangian 
variety with an isolated singularity at the point of intersection. Suppose further that the 
tangent planes at the intersection satisfy an angle criterion (which always holds in dimension 
n = 3). Then, Mi U M2 is regularizable; in other words, there exists a family of smooth, 
minimal Lagrangian submanifolds Ma with boundary that converges to M\ U A'h in a suitable 
topology. This result is obtained by first gluing a smooth neck into a neighbourhood of Mi nM2 
and then by perturbing this approximate solution until it becomes minimal and Lagrangian. 
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1 Introduction 



A minimal Lagrangian submanifold of a symplectic manifold S is at once minimal with respect to 
the metric of E and Lagrangian with respect to the symplectic structure of S. Furthermore, when 
S is a Calabi-Yau manifold, Harvey and Lawson showed in their seminal paper |^ that minimal 
Lagrangian submanifolds are also calibrated by the real part, up to phase, of the canonical, non- 
vanishing holomorphic {n, 0)-form ^ of S. (I. e. C is bounded above by the n-volume form and 
equality holds, up to a phase angle, only on the tangent spaces of minimal Lagrangian submanifolds.) 
A consequence of this property is that minimal Lagrangian submanifolds satisfy a relatively simple 
geometric PDE (simple relative to the equations of vanishing mean curvature, which they would 
satisfy by virtue of minimality alone) . Namely, M C S is minimal Lagrangian if and only if 

for some real number 9. Here, uj is the symplectic form of S. The calibration form of M is in this 
case Re (e'^^). The term special Lagrangian refers to those M whose calibrating angle 9 vanishes. 

Many researchers have exploited the geometric structure implicit in the calibration condition in 
order to tackle questions related to the existence and properties of minimal Lagrangian submani- 
folds. Harvey and Lawson themselves produced several examples of minimal Lagrangian submani- 
folds and gave certain general constructions of such objects. More recently, Schocn and Wolfson p8| 
have been working on questions of existence of special Lagrangian submanifolds using variational 
techniques. Current developments in the mathematical foundations of string theory, in the form 
of mirror symmetry and the Strominger-Yau-Zaslow conjecture [ p^ , have greatly stimulated fur- 
ther investigation into special Lagrangian submanifolds in the hopes of understanding the moduli 
spaces of these objects. McLean began the study of deformations of smooth special Lagrangian 
submanifolds and Hitchin |^ deduced certain properties of the moduli space of such deformations. 
Compactification of this moduli space (an important ingredient in mirror symmetry), however, 
requires understanding the singularities that can arise amongst special Lagrangian submanifolds. 
Harvey and Lawson contributed a number of examples of singular special Lagrangian varieties, 
while Haskins extended these results by constructing new examples of special Lagrangian cones 
and their desingularizations. Many further advances on the topic of singular special Lagrangian 
submanifolds are presented in papers by Joyce (for a summary, see p). 

Despite these advances, still relatively little is known about singularities of special Lagrangian 
submanifolds and research in this domain continues. This paper investigates singular Lagrangian 
geometry in a setting related to the one in which mirror symmetry takes place. That is, this paper 
studies the nature of the singular special Lagrangian submanifold with boundary of R^", n > 3, 
formed by the union of two otherwise smooth special Lagrangian submanifolds Mi and M2 that 
intersect transversally in one point p, and whose tangent cone at p satisfies an angle criterion to 
be explained shortly. The union M of the two smooth submanifolds is singular at the intersection 
point (which is isolated for reasons of transversality) and the tangent cone there is just the union of 
the two tangent planes of the constituent smooth submanifolds. The question this paper partially 
answers in the affirmative in the Main Theorem, to be stated precisely below, is whether M can 
be realized as the limit of a sequence of smooth minimal Lagrangian submanifolds boundary, thus 
placing M in the compactification of the moduli space of minimal Lagrangian submanifolds with 
boundary of R^". It is hoped that this result as well as the methods used in its proof will shed 
some light on the analogous question of intersections of special Lagrangian submanifolds in compact 
Calabi-Yau manifolds. 

Before stating precisely the result that will be proved in this paper, it is necessary to mention 
that the boundary behaviour of the regularizing family will play a critical role in the forthcoming 
analysis. The way in which the boundary of M will be controlled is to use a submanifold of R^" 
that will be called a scaffold. 

Definition 1. Let M be a submanifold of R^" with boundary dM and inward unit normal vector 
field Z £ r{ToMM). A scaffold for M is a smooth submanifold W of R^" with the following 
properties: 
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1. dM c W\ 



2. Z e TITqmW^'^ {V^ is the symplectic orthogonal complement of V); 

3. The normal bundle of W is trivial. 

The idea of the scaffold is first introduced in ||] and Q in the context of a different problem con- 
cerning deformations of smooth minimal Lagrangian submanifolds with boundary and is discussed 
in detail there. Condition (2) might seem slightly unnatural, but it considerably simplifies the proof 
of the Main Theorem. Nevertheless, one expects the Main Theorem to hold under a more general 
transversality condition. 

The precise statement of the theorem to be proved in this paper that incorporates the boundary 
behaviour of the regularization is the following. 

Main Theorem. Suppose Mi and M2 are two special Lagrangian submanifolds with boundary of 
R^", n > 3, that intersect transversally at one point p. Furthermore, suppose that the tangent 
planes of Mi and M2 satisfy the angle criterion (described below) at the point p and let W be a 
scaffold for M that is also a codimension 2, symplectic submanifold of R^" . Define M = Mi U A/2 . 
Then there exists a family Ma of smooth, minimal Lagrangian submanifolds with boundary and a 
family of symplectic, codimension-two submanifolds Wa such that the following results hold. 

1. Ma M in some suitable topology; 

2. Wa ^ W in the same topology; 

3. dMa Q Wa for every a. 

Remarks: (1) If M is any Lagrangian submanifold of R^" with boundary then there always exists 
a symplectic, codimension-two scaffold for M: for instance, it can be constructed by exponentiating 
a sufficiently small neighbourhood U of the zero section of the bundle T{dM) © JT{dM). (2) Due 
to technical reasons that make their appearance only in Section 6, the argument used to prove the 
Main Theorem fails in dimension n — 2. It is unfortunately not yet clear to the Author how to 
proceed in the n — 2 case using the techniques developed herein; however, the n = 2 case is true in 
certain circumstances for other reasons. See the end of this section for an explanation. 

The angle criterion that Mi and M2 must satisfy can be explained as follows. It can be shown 
that if Pi and P2 are any two transversally intersecting Lagrangian planes in R^", then, up to a 
global unitary transformation of R^" , there exists an orthonormal Darboux basis Ei, . . . , £"„ and 
J El , . . . , J En of R^" and a unique set of angles Oi , where 

0ie[^,n) and 0. G [0, |) for i = 2, . . . , n , (2) 

such that 

Pi = spanjSi, . . . ,En} 

and 

P2 — spanj cos6'i£^i -I- sin6'i Ji?i, . . . ,cos0„i?„ -I- sin 6'„Ji?„} . 

The existence of this basis follows from standard symplectic linear algebra and can be found in ^ 
as well as [|], for example. Since an orthonormal Darboux basis is by definition holomorphic, the 
form dz becomes {E^ + \JEl) A • • • A (i?* -I- iJE*^) in these coordinates, where E* denotes the dual 
1-form corresponding to the vector Ei. Thus by applying the calibrating form Imdz to the pair of 
planes Pi and P2 , one sees that they are special Lagrangian if and only if 6'i + • • • + 6'„ = mn for 
some positive integer to. The angle criterion for Pi and P2 is that the characteristic angles satisfy 
Oi + ■ ■ ■ + 9n = IT. Note that the angle criterion need not hold for a general pair of intersecting 
special Lagrangian planes, though it is always satisfied in dimensions n — 2 and 3 for numerical 
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reasons (i. e. as a result of (||)). The angle criterion that the pair of submanifolds Afi U M2 must 
satisfy in order for the Main Theorem to hold is that the characteristic angles of the pair of special 
Lagrangian planes that form the tangent cone TpMi U TpM2 at the singularity p satisfy the angle 
criterion explained above. 

The Author would like to thank Yng-Ing Lee for pointing out the necessity and importance of 
the angle criterion in the proof of the Main Theorem. The angle criterion is a necessary requirement 
on Ml and M2 because only when it holds, is it known that there exists a local regularization for 
the tangent cone TpMi U TpM2 — that is, a smooth submanifold N with two ends, asymptotic 
to TpMi and TpM2 respectively. This object will be called a Lawlor neck, and was discovered 
by Lawlor in but see also ||] for a more thorough treatment. The first step of the proof of 
the Main Theorem is to glue a rescaled piece of this Lawlor neck into the neighbourhood of p in 
order to obtain a smooth, approximately minimal Lagrangian submanifold. Thus without the angle 
criterion, this first step can not be undertaken and the proof of the Main Theorem does not get off 
the ground. When the angle criterion fails for Mi and M2, one will first have to find a new local 
regularization of the tangent cone at the singularity (one which is necessarily not of Lawlor's type, 
as indicated by Lee) before being able to apply the techniques of this paper to obtain a version 
of the Main Theorem valid in this case. The reader should consult Lee's paper for a more 
complete discussion of this issue, and how it relates to her work on immersed, self-intersecting 
special Lagrangian submanifolds without boundary in general Calabi-Yau manifolds. 

Remark on the n = 2 case: Suppose Mi and M2 are two special Lagrangian submanifolds with 
boundary in R'' that intersect transversally at one point. As will become clear in Section 6.3, the 
techniques used to prove the Main Theorem fail in this situation. However, in certain cases, another 
method provides a solution. Let , x'^ , , y'^ denote the standard coordinates of R*. It is easy to 
verify that the coordinate transformation 

{x^,x^,y^,y'^) ^ {x^,y^,~x'^,y^) 

applied to Mi and M2 produces submanifolds M{ and intersecting transversally at one point 
whose tangent spaces are invariant under the complex structure of R''. In other words, M[ and M2 
are intersecting Riemann surfaces. Thus the question of regularizing M1UM2 becomes a problem in 
two complex variables. If M[ and M^ can be represented as the zero sets of holomorphic functions 
hi and then the variety M' — M[ U M2 can be regularized using complex analytic techniques. 
Indeed, M' can be represented as the zero set of the holomorphic function h = hi ■ h2, and due to 
the nature of the singularity (without loss of generality, occuring at the origin) of M', there are 
coordinates (z, w) for a neighbourhood of the origin in which h{z, w) — z ■ w ■ h, where /i(0, 0) 7^ 0. 
Consequently, the function /i^ = /i + e is holomorphic and has smooth zero section, provided e is 
sufficiently small. The Riemann surfaces M'^ = /i~^(0) thus regularize M' . Changing coordinates 
back to the original ones then provides the desired regularization of M . This method is not always 
available since M( and may not be representable globally as the zero sets of holomorphic 
functions. In this case, new methods will have to be developed to solve the regularization problem, 
and these are, at the moment, beyond the scope of this paper. 

2 Preliminaries 

2.1 Outline of the Proof 

The regularization A/q, of the singular variety M = Afi U M2 will be constructed by applying 
gluing techniques |ll|, ^ |l^ in combination with the Inverse Function Theorem to a system 
of differential equations associated to the geometric equations (^ whose solutions correspond to 
minimal Lagrangian submanifolds near M . The purpose of this section is to describe this procedure 
in general terms. 

The preliminary step in the proof of the Main Theorem is to replace M by a family of smooth, 
embedded, Lagrangian submanifolds Ma approximating M, i. e. by submanifolds Ma that are 
almost special Lagrangian in a precise sense and that converge to M in a suitable topology. These 
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approximating submanifolds will be constructed in detail in Section 3. The reason for replacing 
M by Ma is that the point of non-smoothness of M makes it difficult to apply PDE techniques 
directly to M. The question of finding a minimal Lagrangian submanifold near M can be converted 
to solving a PDE on Ma as follows. 

Denote by ha : Ma R-^" the canonical embedding of Ma and let B he a. Banach space 
that parametrizes a subset of C^'^ Lagrangian embeddings of into R^" that are near ha 
in some suitable topology. In other words, suppose that there is a continuous map ^ : B ^ 
C^'P (Emb{Ma,R'^'')) into the immersions of Ma into R^" with $(0) ha and such that ^{x){Ma) 
is Lagrangian for every x € B. The parametrization and the Banach space will be specified in 
Section 4 and will be such that if ||a;||i3 is sufficiently small, then ^{x){Ma) is smooth as well as 
embedded. The first of the two minimal Lagrangian equations namely that ^{x)*lu = 0, is 
automatically satisfied because each $(a;) is a Lagrangian embedding, by definition. Hence it is 
sufficient to analyze only the second of the two equations. Recall that the canonical, non- vanishing 
holomorphic {n, 0)-form of R^" is C = dz^ A • • • A dz" in standard holomorphic coordinates. This 
form will henceforth be abbreviated by dz. Consider now the differential operator between Banach 
spaces defined by the second equation of (|l|): namely, the map 

Fa -.BxR, — >C°^f^{Ma) 

given by 

Fa{x,9) = (a>(x)*(lm(e'^dz)),VolMj^^^ (3) 

for any x G S. Here, Voljv/^ is the induced volume form of Ma and (•, ■) is the induced inner 
product on the n- forms of Ma ■ 

A solution of the equation Fa{x, 6) = for some {x, 0) near the origin in S x R corresponds to 
an embedded minimal Lagrangian submanifold Ma = ^{x){Ma) C R^" with calibration angle 9 
that is near Ma, and thus near M as well. Solutions arc found by invoking the following version of 
the Inverse Function Theorem (see [Q for the proof). 

Theorem 2 (Inverse Function Theorem). Let F : B — > B' be a map between Banach 
spaces and suppose that the linearization D_F(0) of F at is an isomorphism. Moreover, suppose 
F satisfies the estimates: 

1. ||D^^(0)x||b- > Cl\\x\\b for any x E B, 

2. \\DF(0)y — DF{x)y\\isi < Cn\\x\\is \\y\\B for all x sufficiently near and for any y E B, 

where Cl and Cm are constants independent of x and y. Let r < Cl/'2Cn- Then there exist 
neighbourhoods U of and V of F{0) so that F : lA — > V is a diffeomorphism and V contains 
the ball BrCL/2iP'i^))- Furthermore, -BrCi/2(-P"(0)) is in the image of the ball Bj.{0) under F. 

The submanifold Ma only approximates M and is not necessarily minimal Lagrangian; thus Fa{0, 0) 
is not equal to 0. But according to the theorem above, the equation Fa{x, 6) = can be solved for 
{x,9) near (0,0) if belongs to the ball BrCi/2(-F(0)); that is, if 

\\Fa{0,0)\\cO:f^iM^)<rCL/2, (4) 

and the theorem asserts that the solution satisfies || (x, 6')||bxr < r. 

The Main Theorem will be proved by verifying that the inequality (^) holds for the choices of 
approximating submanifold Ma and parametrization of nearby Lagrangian embeddings made in 
Sections 2 and 3. In Section 4, the constant Cl(q!) (depending of course on a) will be estimated by 
analyzing the linearization at (0, 0) of the operator Fa and in Section 5, the proof will be completed 
by deriving the constant Cat (a) (also depending on a), invoking the Inverse Function Theorem, 
and using the estimate ||(a;, 6')||8xr < r to be used to guarantee the smoothness of the solution. 
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2.2 The Linearized Operator 

The linearized operator DFq,(0, 0) will clearly play a central role in the forthcoming analysis. It will 
be helpful, at this point, to derive a general expression for this operator in terms of the parametriza- 
tion $, since its specific form will guide the course of the proof. The following calculations are based 



on McLean's work on perturbations of smooth, special Lagrangian submanifolds |16 . 

Begin with two preliminary observations. First, recall that ^{tx) is a family of Lagrangian 
embeddings. Hence, ^{tx)*LLi = for every t. Differentiating this expression in t and using the Lie 
derivative formula CvV = d(T^J i]) + V \ drj as in McLean's paper produces the expression 

where V is the deformation vector field associated to given by 



(5) 



Second, if the parametrization <f> is chosen such that the closedness of the form h*{Vx J w) implies 
exactness, then there is a function : ^ R so that uj) — dH^. Refer to as the 

Hamiltonian function associated to x. 

Next, it is necessary to remind the reader of the Lagrangian angle function that is defined 
on any Lagrangian submanifold of a C-Y manifold E with canonical, non-vanishing holomorphic 
(n, 0)-form First, let ei, . . . , e„ be an orthonormal basis for any Lagrangian subspace of T^^E. 
It can be shown that the complex number C(ei5 • ■ ■ i Sn) is independent of the particular basis and 
always has modulus equal to one. See ^, page 89] for details. Consequently, if AI is a Lagrangian 
submanifold of E and ei, . . . , e„ is an orthonormal basis for T^M, then there is an angle 9{x) that 
satisfies 



e 



C(ei, ... ,e„) . (6) 



If M is minimal Lagrangian and has calibration angle 6 then 9{x) =9 for all x € M. The significance 
of the possibly multi-valued function 9 lies in the fact that its differential d9 is well-defined and 
satisfies the relation 

d9 = -HM\to, (7) 

where Hm is the mean curvature vector of Al. 

The linearization of the operator Fa can now be phrased using this terminology. 

Proposition 3. Let and Vx be the Hamiltonian function and the deformation vector field 
associated to x via the parametrization $ as discussed above. The linearization of the operator 
Fq, : S X R C°'f^{Ma) at (0, 0) in the direction (a;, a) G S x R is given by 

DF„(0,0)(x,a) = -cos(0MjAM„i?x-sin(%J(i/M„,"l4)^-j^ +acos(0j,7j (8) 

where Hj^j^ and 9j^j^ are the mean curvature and the Lagrangian angle of Ma ■ 

Proof. The linearization of Fa at (0,0) in the direction of x € yB is defined as the quantity 

DF„(0,0)x= ^Faitx,0) 

™ t=o 

Thus the calculations performed in Mclean's paper | p6[ , modified for the case when the Lagrangian 
angle function is not identically zero, imply that 

I)Fa{0,0){x,0) = ( -^$(te)*Imdz ,Vo1m„ 
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d( cos{ej^-r ) ★ dH^ ) , Volj,7 



Mo, 



COS 



+ sin{9fjj (d6'M„ A *diJ^ , Vol^ J 



'M„ 



Hm„ ' 



using the relationship (Q). Here, 7k- and A^^^ are the Hodge star operator and the Laplacian of Ma 
in the induced metric. The hnearization of in the ^-direction can be calculated similarly. In 
fact, if a G R, then 



DF„(0,0)(0,a) - ( -$(0)*lm(e"'^dz) 



,Vol 



A/q 



t=0 



A /a 



a(/i*Im(idz), Volji^J^^^ 
= a(/i*Re(dz),Vol^7jj^-^ 



'M, 



) 



by definition of the angle function. Combining the two results above yields the desired expression 
for the linearization. □ 



2.3 Boundary Conditions 

Since the linearization of at (0, 0) is equal to the Laplacian plus a lower order term, it is elliptic 
only when the functions in B satisfy appropriate boundary conditions. The purpose of this section 
is to show how the scaffold introduced in the statement of the Main Theorem brings this about. 

Suppose that the boundary of M lies on a scaffold W . Since the submanifold Ma will differ 
from M only in a small neighbourhood disjoint from the boundary, then dMa = dM and thus W 
is a scaffold for Ma as well. Let $ : ;B — > C^-^ [Emh{Ma^'^(^^)) parametrize a subset of Lagrangian 
embeddings near ha as above. This time, however, suppose that each embedding confines the 
boundary of Mq to W\ in other words, suppose that ^{x){dMa) C W for every x G B. 

Consider now a one-parameter family ^{tx) of such embeddings. Since ^{tx){dMa) C W for 
every t, the deformation vector field 14 from (||) must be tangent to W, which leads to the following 
result. 

Proposition 4. Let M be a Lagrangian submanifold o/R^" and let W be a scaffold for M. Lf (j)* : 
M R^" is any Hamiltonian deformation of M with Hamiltonian H that satisfies 0^ {dM) C W 
for all t, then H satisfies Z{H)\qj^^ = where Z is the inward unit normal vector field of dM. 

Proof. The deformation vector field V oi (j) must be parallel to W along dM. But according to the 
definition of a scaffold, Z G {T^W)'^ for every x G dL. Therefore uj{Z,V)\gj^j = 0. Since is a 
Hamiltonian vector field, this equality is equivalent to Z{H)\^j^^ ~ 0. □ 

Thus if functions in B confine dMa to the scaffold W, then they satisfy Neumann boundary con- 
ditions. 



3 The Approximate Solution 
3.1 The Local Regular izat ion 

The proof of the Main Theorem begins with the explicit construction of the approximate subman- 
ifolds Ma- These will be constructed by gluing an appropriate interpolation between Mi and M2 
in a neighbourhood of small radius about the singular point of Afi U Al2. As mentioned in the In- 
troduction, the interpolating submanifold that will be used is the special Lagrangian submanifold 
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asymptotic to the tangent cone of M at the singularity which is known as the Lawlor neck and 
exists whenever the planes comprising the tangent cone satisfy the angle criterion. The purpose of 
the present section is to describe the Lawlor submanifold. The actual gluing will be carried out in 
Section 3.2 and the relevant properties of the resulting submanifold will be derived in Section 
3.3. 

Without loss of generality, the singularity of M is located at the origin in R^". Let Pi and P2 
denote the tangent planes TqA/i and T0M2 respectively, and denote by P the cone Pi U P2 — this is 
the tangent cone of M at 0. The Lawlor neck is an embedded cylinder of the form N ~ ^'(Rx S"^^), 
where is a special Lagrangian embedding into R^", and the two ends of this embedding, namely 
i?i = ((A, 00) X S""^) and £'2 = vj/ ((-c», -A) x S""^) tend towards Pi and P2, respectively, in 
a pointwise sense as A ^ 00 (i. e. Ei can be written as a graph over Pi outside a large enough 
ball, and the graphing function tends to zero as the radius of the ball increases). Because each 
rescaled submanifold eN is still special Lagrangian and asymptotic to P, the family of homotheties 
eN is a special Lagrangian regularization of the singular variety P. The idea behind the gluing 
construction of is to use a sufficiently small rescaling of N as the interpolating submanifold. 

The precise definition of the Lawlor neck proceeds as follows. First, let oi, . . . ,a„ be positive 
real numbers and let P : R" x R — > R be the function given by 



P(a,A) 



fl + aiA2 



^1 + a„A2) - 1 



A2 



Next, set 



where a = (ai, . 



ek{a,\) 



-ds 



(^ + ,s2)VPK^ 



(9) 



(10) 



a„). It is easy to see that the integrals (|10|) converge as A ^ ±00. Let 9k{a) 
denote the asymptotic values limA-»oo ^fc(a, A); then lim^^-oo A) —9k{a). This terminology 
sets the stage for the definition of the Lawlor embeddings. 



Definition 5. For every a £ R" with > for all k, the map ^'a : R x S" ^ 
Lawlor neck Na — (R x S"^^) according to the following prescription. Let 



vI',(A,Ai\...,M") = (xi(A,Ai),... ,a;"(A,M); 2/'(A, /.),.. . ,y"(A,/x)) 



R2" defines a 



(11a) 



where 



a;'=(A, m) = / yfTA2 cos(f + 0fc(a, A)) 
/(A, /i) = / yjTA2 sin(f 5u + Ok{a, A)) 



(lib) 



and /i = (/^^, . . . ,/^") S R" satisfies X)!/^'')^ = 1 ^^^^ thus fi represents a point in S" ^. Here, 5ik 
is the Kronecker symbol, defined to equal zero unless /c — 1, in which case it equals 1. 

It will be necessary to have precise numerical estimates of the degree of closeness between Na 
and Pi U P2, but suitable coordinates must be found to perform the calculations. It is true that 
sufficiently far from the origin, the nearest point projection of Na onto one or the other of its 
asymptotic planes will be a diffeomorphism. Consequently, coordinates can be chosen so that the 
ends of Na are graphs over the corresponding asymptotic planes. The desired estimates on the 
asymptotics of the Lawlor neck Na will be phrased in terms of these graphing functions. 

Theorem 6. Supposen > 3. There exists apositive, real number Rq so that Nan(^Biig(0)Y consists 
of two ends Ei and E2 that are graphs over Pi D (Pflo(O))'^ and P2 n (Pfl„(0))'^, respectively, of 

the gradient of a single function g : Pi C] (^Bj^g{0)Y > Pi~ ■ Furthermore, the function g has the 

property that there exists some constant Cq depending only on ai, .. . , a„ and n so that 



|V<?(p)|| + IIpII ||Hess<?(p)|| + ||p|n|v35(p)|| < 



8 



for any p ^ Pi with \\p\\ > Rq; and the 13-Hdlder coefficient ofV^g satisfies 

Co 



< 



l/3,(Sn(0))- - Jln+1+13 

for any radius R > Rq; and finally, g can be chosen so that 

\9{P)\ < 

WpW 

for any p € Pi with \\p\\ > Rq. The norms and derivatives used here are those associated with the 
standard Euclidean metric on the planes Pi. 

Proof. Only the end Ei, asymptotic to the plane Pi and corresponding to large positive A, needs 
to be developed in detail since the calculations for E2 are identical to those of Ei. Begin with a 
series of preliminary estimates. 

Let A = min{ai, . . . , a„} and put _Ro = ^^2/^4. First, a calculation reveals that 

|P(a, A)| > min{A"A^"-^ 7iA} . (12) 

Thus one can estimate 

ma,X)-e,{a)\^ ^_^ <^^ (13) 

Jx + s^)y/P{a,s) n(V^)" A" 

Finally, a relation between A and ||p|| forp G Ei can be found from the equation \\p\\ = ||^a(A, /i)|| ~ 
J2 ((2;'^(A, /i))^ + (?;'^(A, /i))^) and the fact that = 1. A simple calculation shows that when 

IIpII > Ro, then 

A<||p||<y2A. (14) 

In order to study the asymptotics of Ei to Pi , it is most convenient to choose new coordinates 
in which Pi is transformed into i?" x {0}. For simplicity, let 9k denote the angles f^ifc + ^fc(a) and 
choose new coordinates (s,t) for R^" according to the formulae: 

s'' = x'' cosiOk) + y"" sm{0k) 
= -x*^ sin(6lfc) + y'' cos{9k) . 



The coordinate functions (lit) of the embedding of the Lawlor neck are given in the new coordinates 
by the equations: 

s"' = A*V^ + cos {Okia, A) ~ ^fe(a)) (15a) 
=/y'^ + A2 sm{9k{a,X)-ek{a)) (15b) 

where (A,^^) G R x 8"-^ and EC/)^ = 1- 

The Lawlor embedding given in (^) converges to the standard polar coordinate embedding of 
the plane Pi, that is to the embedding given by 



s'' = /A 
t"" = 0, 

where, again X) Mfc = 1- Thus it can be shown that Ei is a graph over Pi outside a sufficiently large 
ball — and in fact that a ball of radius Rq suffices. The coordinates t'^ restricted to the Lawlor neck 
can thus be written as functions of in the region ||s|| > Rq. Since the Lawlor neck is Lagrangian, 
it is the graph of the gradient of a function g : R" n (P^o (0)) — > R over the asymptotic plane in 
this region. Thus t'' = -w^r are the partial derivatives of the function g. 
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The norm of the gradient of g can now be estimated in the asymptotic region. Divide the first 
of equations (Uq) by the second. This gives the relation 



^ = t'= = s'= tan(0fc(a,A)-0fe(a)) 



(16) 



Suppose ||s|| > i?o- Now use the preliminary estimates (^2|) to ( jl^ ) to estimate: 



dg 




(1) 




n 





i/2 



Consequently, 



|V.g|| 



dg 



ds 



1/2 



< 



Co 



where Cq is some constant depending only on n and A. 

The bounds on the higher derivatives of g come from differentiating equation ( jl^ ) and estimating 
all quantities that appear using the preliminary estimates once again. Furthermore, it is possible to 



derive the estimate ||V gj] < Co||p|| 



using similar calculations and the estimate on the Holder 



coefficient of the third derivatives of g follows from this in the standard way. Finally, the function 
g itself is defined only up to an arbitrary constant; thus it is possible to choose 



g{s) = - lim 



d5, 



(17) 



7(s,rs) 

where 7(5, rs) is the line segment between s and rs. This integral is well defined because the 
derivatives of g decay sufficiently rapidly near infinity. The bound on the size of g now follows from 
the bound on the gradient of g when ||s|| is sufficiently large. □ 



3.2 Construction of Ma 

The approximate submanifold will be constructed by removing a neighbourhood of the singu- 
larity of M and smoothly reconnecting the pieces by a rescaling eN^ of the appropriate Lawlor neck 
Na- The graphing functions of Na and M over the tangent cone Pi U P2 of M at the singularity will 
be used to formulate a numerically precise version of this construction. Let tt^ be the orthogonal 
projection onto the plane Pi and denote by Anns the annulus (5^/2(0)) H Bs{0). The graphical 
property of M over its tangent cone can now be phrased in the following way. 

Proposition 7. There is a constant K and a number 5q > which depend only on the geometry 

of M such that the following is true. There is a function fi : PiD Anng > R such that if S < Sq, 

then Mid TT^^ {Pi n Anns) is the graph ofVfi over Pi (1 Anns- In addition, the function fi satisfies 



for all k and I, along with the bounds: 



\Mo.i 



5(0) 



mf^ 



lo,Sa(0) 



5(0) 



^1 vV* 



0,5^(0) 



S'+^[v'fi 



(18) 



< Kd^ (19) 



The norms and derivatives are those associated to the standard Euclidean metric on the planes Pi. 

Proof. There is some neighbourhood of the origin in which each Mi is graphical over its tangent 
plane; and in this neighbourhood, the extrinsic curvature of the submanifolds Mi and M2 is bounded 
in the C'^'^ norm by some number because of compactness. For a gradient graph, the extrinsic 
curvature is expressed in terms of the derivatives up to order three of the graphing function. The 
curvature condition thus translates into the bound 



IVV.IICB, 



5(0) 



s^[y'f, 



< K 



on the graphing functions fi. The estimates on the second and lower derivatives follow by integra- 
tion, and use (|l8|). □ 
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Analogous estimates can be found for the graphing function of eNa over the components of P. 
Recall that Na is the graph of the gradient of some function g outside the ball of radius Rq. 

Proposition 8. Each asymptotic end eNa ■n~^{^Pi n {B^j^g{Q))Y of the reseated Lawlor neck is 

the graph of the gradient of a function gg, : PiD (i?eflo (0))"^ * ^ over the appropriate asymptotic 

plane Pi. Moreover, 

9e{x) = e^g . 
Thus the function g^ satisfies the asymptotic inequalities 

|5,(a;)| + ||x||||V5,(a;)|| + \\xf\\V^ g,{x)\\ + \\xf\\V^g,{x)\\ < -^^^ (20a) 



for X Pi with \\x\\ > sRq, as well as the estimate 

[V^ffe],,^,(0)).<^^ (20b) 

for any R > eRo . Here, both Rq and Cq are as in Theorem and the norms and derivatives are 
those associated to the standard Euclidean metric on the planes Pi. 

Proof. The identity Vg^ix) = eVg (|) for points on P outside the ball of radius eRq follows from 
scaling arguments. Consequently, ge{x) = e^g (-) (once the constant of integration is set to zero), 
and 

\g.ix)\=e^\gm<^^. (21) 

The remaining estimates follow from those of Theorem ^ in a similar way. □ 

In order to ensure that both M and the correct rescaling eNa of the Lawlor neck are close to 
the tangent cone P in the annulus Anns, the numbers e and 6 will be chosen to produce 

||V^/,(a;)|| < a and || ge(x)|| < a 

for any x P with | < ||a;|| < d, where a is any sufficiently small, positive number. 

Proposition 9. There is a number Ai > and a constant C depending only on the geometry of 
M and Na such that if < a < Ai and the values 

6^^ and e<Ca'+''" 
K 

are chosen, then Mi n n^^ (Pi n Anns) for i = 1 and 2, and eNa n it~^ {Pi n Anns) are graphs of 
V fi and V^e, respectively, over the annulus Pi fl Anns. In addition, the norms of the Hessians of 
these functions are bounded above by a; that is 

||V^/,(a;)|| < a and || 5e(x) || < a (22) 

for any x ^ Pi satisfying | < ||a;|| < 5. 

Proof. By Proposition ^ it is sufficient to choose 6 ^ ^ 'u\ order to control the Hessian of each fi . 
To achieve the second inequality, choose e small enough to bring the asymptotic region of eNa into 
the annulus Anns. Thus 

is needed. Now the bounds of Proposition ^ are valid and thus for x G P with ||x'|| > 

p^ge{x)\\<-^<2-K-CQ—. 
" " ||x|| a" 

If e < 2KVCo ' ^^"^'^ ||^^5£(^)|| — desired. If a is sufficiently small to begin with, then both 

choices of e can be made simultaneously. □ 
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The estimates of Proposition ^ as well as the bounds on the functions fi from equation (^9|) can 
now be reformulated in terms of the parameter a. 

Corollary 10. The functions fi and the function from Proposition^ also satisfy the hounds: 

[vV.],,p.n.„„. ^ K^^'--' [V^^^e] < {2Kr^a~^ (23a) 

along with 

||vV^(a:)|| <^ p^ge{x)\\<2K 

II II II II 

||V/,(a;)|| < — \\yge{x)\\<— (23b) 

\f^{x)\ < -r^ \9e{x)\ < 



for any x Cz Pi satisfying | < ||a;|| < S. 

Proof. These estimates can be verified by substituting for S and e in the appropriate equations (|9|) 
or @) and by using ^ < \\x\\ < S . □ 

Suppose now that a < Ai and the quantities S and e have been chosen according to Proposition 
||. It remains to be seen how to glue M and eNa together in the annulus Anns in order to build 
the smooth submanifold Ma- The 'stickiness' is provided by a cut-off function: let rj : R^" — > R 
denote a positive, C°° function which is equal to zero outside the ball of radius i5, one inside the 
ball of radius | and interpolates smoothly in between such that the supremum norm bounds (for 
the Euclidean metric on R^") 

l^lo,R- + S \\^v\\o,R2„ + II ryll^ j^,„ + 6^ II V3,y||^^^,„ < C (24) 

hold in the annulus Anns, where C is some geometric constant depending only on n. The ap- 
proximate submanifold Mq is the union of five pieces that overlap smoothly thanks to the cut-off 
function 77. 

Definition 11. Suppose a < Ai and e and 6 have been chosen as in Proposition ^. Define the 
following submanifolds. 

1) M; = M, \ TT-\P, n BsiO)) for f = 1, 2 

2) T, = |(x,V((l- 77)/, + 77g,)(a;))eP, xP^: ^<||x||<5| for* -1,2 

3) N' ^eNan(n^\P2nBs{0))Un^\P2nBs{0))^ 

The approximate solution to the deformation problem is the submanifold 

Ma = M[ UTiU N' UT2U M^ . 

The submanifold M[U is called the exterior region of Ma, the submanifold Ti U T2 is called the 
transition region of Ma and the submanifold Ti U A'^' U T2 is called the neck region of Ma ■ 

The following theorem shows that the Ma are indeed smooth Lagrangian approximations of M. 

Theorem 12. The submanifolds Ma, with a < Ai, that have been constructed above are smooth, 
Lagrangian submanifolds of R^" which converge to the singular submanifold M in a pointwise sense 
as a ^ 0. 

Proof. The submanifold Ma is smooth because each Ti overlaps smoothly with its neighbours as a 
result of the way in which the graphing functions fi and g^ were combined. 

Furthermore, both M and eNa are Lagrangian and thus Ma \ {Ti U T2) is Lagrangian. But 
the transition regions Ti are gradient graphs over Lagrangian planes in the symplectic coordinates 
given by the splitting Pi x P^^ and thus are Lagrangian as well. 

Convergence is easily verified. The distance between M and Ma is actually zero outside a 
neighbourhood of radius on the order of a. Since this neighbourhood is shrinking and Ma is 
smooth. Ma M as a — ^ 0. □ 
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3.3 Properties of 



The remainder of this section is devoted to deriving the properties of that wiU be used in 
the sequel. The first such property concerns how well approximates a special Lagrangian 
submanifold near M . The upcoming estimates will be explicitly of a global nature, unlike the 
previous estimates, so they must be phrased using the induced metric of M^, and will thus make 
use of the following bounds on the metric components and their derivatives. 

Lemma 13. Let g\.i denote the coefficients of the induced metric in the graphical coordinates for 
the transition region Ti. There is a number Ag > Q so that if a < Ag then the functions g]^i satisfy 



\\{9li{^)) 
along with the derivative hounds 



l\\ < 1 and - < |det(5^,(x))| < 2 



d9li 


+ 6^ 






0,Anns 





< 1 



in the annulus Pi n Anns ■ 



Proof. This is a straightforward calculation using the expression for the metric of the transition 
region in the graphical coordinates. □ 

It is now possible to measure the extent to which deviates from being special Lagrangian in 
a manner independent of coordinates. Of course, by definition, is exactly special Lagrangian 
outside the transition region. 



Proposition 14. Let Ma he the suhmanifold constructed in Theorem li and suppose that ha em- 
heds this suhmanifold into R^". There exist a constant C and a number A2 with < A2 < 
imn{Ai, Ag} , both independent of a, such that whenever a < A2, the pull back of the form dz 
satisfies the estimates 



Ih* (Imdz) 



IO,TiUT2 



< \\h* (Redz)| 



< Ca 



0,TiUT2 



< 1 



and 



||V/i:(Imdz)||o^y^^^^ +a'^[V/i:(Imdz)]^_^^^^^ < C 
\\Vh* (Re dz) II + [V K (Re d 
within the transition region. 



(25a) 



(25b) 



Proof. Only the estimates for Ti need to be performed since the computations for T2 are identical. 
Choose coordinates so that Ti is the graph of the Euclidean gradient of (1 — ry)/i + rig^ over the 
annular region Anns in R" x {0}. The operators and V in the following calculations refer to 
the derivatives associated to the Euclidean metric in this coordinate system. 

Begin with the bound on the size of h* (Imdz) in the transition region. In their paper, Harvey 
and Lawson compute the pull back of the form Imdz to a graphical Lagrangian submanifold of 
R^" What they obtain is the expression 



h*(Im.dz) 



Im 



detc(/ + iV2((l-7/)/i 



V9e 



dx^ A • • • A dx" . 



(26) 



By the Taylor expansion of the function 1 1—^ detc(^+ii^), there exists a number r and of a constant 
C such that if \\A\\ < r, then |lm detc(/ + i^) | < C||A||. Given the bounds on the functions 77, f/g 
and /i and their derivatives, it is clear that there is a number A2 (which should be chosen smaller 
than Ai and Ag) so that ii a < A2, then 



|lmdetc(/ + i V2((l - 77)/i + r^g,))l < C - v)fi 



lO.R" 
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< |1 - m + l^lllV'gell + ||V2,/|||/, + 

+ 2||Vr;||(||V/,|| + ||V.ge 



Cn 2a^ C 2a^ 

<l-a + l- a + —r- - — T + 2 • — • 

5 K 

= Ca (27) 

where the constant C depends only on A2 and n. The fact that S = has been used here. 

Equation ( p7| ) is an estimate for the desired quantity in the Euchdean norm. This must now be 
converted to a global estimate. Let gj^j denote the induced metric on Ma- Then, 



I K (Im d^) II j,^uT. = I dctc (/ + i ((1 - ?7)/i + r^g,) ) | ^ || dx^ A • • • A dx" || ^ 
< 



0,TiUT2 i-mii^^i'OV^ I \\-^ 'IIJ^ I ''-y^// lo,R" II IIO,TiUT2 

Ca 



(det (c^mJ) 



1/2 



For the desired estimate, invoke Lemma |l^ to bound the metric term in this expression from below. 

The covariant derivative of Im dz also only needs to be analyzed in Ti and once again, the 
local, graphical coordinates can be used for this purpose. The calculations are similar to the ones 
above, though far more tedious because they involve the third derivatives of and of the graphing 
functions along with their Holder coefhcicnts. Finally, the bounds on /iffRedz) follow in the same 
way from the identity ||dz|| = 1 proved in Harvey and Lawson's paper □ 

Remark: The quantities /i*(Imdz) and /i*(Redz) estimated in the previous proposition can be 
related to the Lagrangian angle function of Mq,. According to the defining equation (||) of this 
function, 



sin(0A^J = (/i:(Imdz),Vol,-,J 
cos(0AfJ = (/i<:(Redz),VolMj. 

Consequently, the trigonometric functions of satisfy the following estimates 



(28) 



I sin(%f„)|o,T < Ca and \/l~Ch^ < \ cos{9mJ\o,t < 1 (29a) 

as well as 



|Vsin(%J|o,T + a''[Vsin(%J]0^T < C 
|Vcos(%J|o,T + «''[Vsin(%J]/3,T <C. 



(29b) 



These last two equations imply 

[smie^-iJ]p,T<Ca^-^ and [cos(0mJ]/3,t < Ca^"'^ . (29c) 

These estimates will be used repeatedly throughout the remainder of the paper. 

The submanifold Ma is almost special Lagrangian since the quantities Im dz and Re dz are close 
to their special Lagrangian values as a — > 0. Since special Lagrangian submanifolds are minimal, 
the mean curvature vector of Ma should thus also be controllable. 

Proposition 15. Whenever a < A2, the mean curvature vector of Ma satisfies the estimate 
within the transition region, where C is independent of a. 
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Proof. Recall that the mean curvature vector Hfj^ of Ma is related to the Lagrangian angle function 
by h* {Hfj^ J (jj) = d Oj^^^ . In the transition region, the angle is non-constant and d 9fj^ — -^^^f^^- 
The estimates of ( p9|) and calculations similar to those of Proposition 14 can be used to obtain 

where C is independent of a. The correspondence H i-^ H \ uj is an isometry, hence ||i?M^||o + 
a^[Hj^j^]l3 in the transition region is bounded by the same geometric constant given above. □ 

In addition to these bounds on the form d^ and the mean curvature Hjyj , estimates on the 
volume of the neck region of will also be required in the proof of the Main Theorem. The 
volume will be calculated in two stages: first the volume of the transition region will be estimated 
and then the volume of the rescaled Lawlor neck itself will be estimated. Begin in the transition 
region Ti U T2 by using the results of Lemma [l3| . 

Proposition 16. If a < A2, then the volume of the transition region satisfies Vol(TiUT2) < Ca", 
where C is a constant independent of a. 

Proof. The computation of the volume is best carried out in local coordinates in each component 
Ti. Let gij denote the components of the induced metric f/^^ in the local, graphical coordinates 
for Ti (as usual, the results for the transition region T2 are identical) . Then, 



Vol{Ti) ^ Jdet(.g,j)dx^ A---Adx" 

J PinAr 

<V2 f 



P^nAnns 

dx^ A • • • A dx" 



I Pin Anns 

according to Lemma Since S ~ , the last integral above is bounded by a number proportional 
to a". Combining this fact with the inequality above (and adding the contribution to the volume 
from T2) proves the proposition. □ 

The upper bound on the volume of N', the remaining portion of the neck region of Ala, is 
slightly more subtle. The submanifold N' is a truncation of a scaled Lawlor neck; thus its volume 
exhibits the following scaling property: 



Vol(iV') = Vol i^eNa n [n-^{Pi n B| (0)) U n'^ (P2 n B| (0)) 

= e"Vol(A^an (tt^i (Pin 5^(0)) Utt^^ (Fan 5^(0)))^ . (30) 
It is now fairly easy to use the definition of the Lawlor embeddings to conclude that 
A^an(^r'(S^(0))U7r2-i(P^(0))) C*„([_|,|] xS"-i). 

Recall that - — Ca^^^" where C is independent of a. The volume of N' can now be estimated in 
terms of the volume of this portion of the unsealed Lawlor neck Na. But to accomplish this, more 
precise knowledge of the metric and the volume form on Na is needed. 

Lemma 17. The volume element on R x S"^^ corresponding to the metric induced from R^" by 
the Lawlor embedding satisfies the estimate 

Voljv„ < Volo (31) 

in the region |A| > A^^^^, where VoIq is the volume form of the metric go — 2(dA)^ + 2X^gs on 
R X 5"^^ and gs is the standard metric on the unit sphere. 
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Proof. The metric on R x S" ^ induced by the Lawlor embedding is 

- (E + ^) (dA)' + EK- ' + A')(dM')' ' (32) 

where the ^ coordinates are restricted to the unit sphere — 1 in I^" ^-^d P = P(a, A). Thus 

it is a straightforward calculation to estimate VoIat^ in terms of VoIq. □ 

The preceding lemma leads to the estimate on the volume of the neck region of Ma. 

Proposition 18. There is a constant C independent of a such that if a < A2, then the volume of 
the neck region of Ala satisfies Vol(Ti U N' UT2) < Ca". 

Proof. According to Lemma ^ and the scaling property (^0|) of the volume of the neck region of 
Ma, the following estimate is valid: 

Vol{Ti UN'U T2) = Vol{Ti U T2) + Vol{N') 



= Ca" 1 + a / Voljv , 

where the result of Proposition |l^ as well as the values of 5 and e in terms of a have been used. 
According to equation (|3l|), the volume form VoIat^ can be replaced by the volume form Volo in 
the region where |A| > Consequently, 

Vol{N') <C + C' I Volo = C + C'a-i 

Combining the two results above and modifying the constants yields the desired estimate. □ 
An obvious corollary to the volume bound on the neck region of Ma is the following result. 
Corollary 19. The volume of Ma is uniformly hounded above and below whenever a < A2. 

3.4 The First Neumann Eigenvalue of Ma 

The approximating submanifolds Ma are converging to a singular variety as a 0, which will have 
the effect of causing a-dependent quantities on Ma to degenerate as a ^ 0. The most important 
of these in the context of this paper is the first Neumann eigenvalue of the Laplacian on Ma , which 
tends towards zero as a ^ 0. The specific functional dependence of this quantity on a is a result 
of the geometry of Ma, and is established in the following proposition. 

Proposition 20. The first Neumann eigenvalue of Ma satisfies vi < C'l a""^, where Ci is a 
constant independent of a. 

Proof. Recall that the first Neumann eigenvalue of Ma is equal to 

vi = mi < — 2 — : u g H (Ma) and / u = > , 

[ Jm^ " Jm^ J 

where H^{Ma) are the functions of Ma whose first weak derivatives are also in . Choose a 
function u on Ma which is equal to 1 in Af{, equal to —1 in M2 H (UaY and interpolates between 
these values in the neck region of M„. The interpolation can thus be made in such a way that 
|u| < 1 and II Vm|| < Ca~^ for some constant C independent of a, and a constant can be subtracted 
to ensure that the function u has integral zero. Now estimate as follows: 

2 / Iiv7„,ll2 ^ ri„xi-2 



iivuir - / iivuir < (33) 

Ma. JMa^nUa 

using the volume estimates of Proposition |l8|. Next, since u differs from a constant outside a 
neighbourhood of size proportional to a, the integral J^-^ is bounded below by a constant 
independent of a. Taking this fact together with (^) yields the desired estimate. □ 
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4 Deformations of M. 



4.1 Parametrizing Lagrangian Embeddings of Ma 

The next step in the proof of the Main Theorem is to define the parametrization of Lagrangian 
embeddings of Mq near ha that will be used to set up the PDE which must be solved using the 
Inverse Function Theorem. Unless the parametrization of Lagrangian submanifolds near Ma is 
chosen with care, the strong dependence of vi on a will manifest itself in the dependence of Cl(q!) 
on a. For, suppose that the Banach space parametrizing nearby Lagrangian submanifolds contained 
the first Neumann eigenfunction of the Laplacian on Ma- Denote this function by Sa- Then, 

DF„(0, 0){Sa, 0) = cos(%^ ) Sa " sin(0A7„ ) {H^^ , V5„)^-^^ , 

according to calculation of the linearization performed in Section 2.3, and indicates that the constant 
Cl (q:) would be less than some quantity proportional to vi . Thus the parametrizing Banach space 
should exclude Sa in order to achieve a better estimate of Cl{o)- 

With this observation in mind, begin by choosing a Banach space over which to parametrize 
embeddings. Let Z be the inward pointing unit normal of dMa- 

Definition 21. Define the Banach space Ba — Bi^a 'xT^ where 

Bi^a = |i? € C^'^iMa) ■ Z{H)\gj^j^ ==0 and j _ H = j H ■ Sa = ■ (34) 
Here, /3 G (0, 1) is the degree of Holder continuity and will be chosen later. 

Remark: The constant functions (the kernel of the linearized operator) and the first eigenfunction 
Sa are excluded from Bi,a because the integral conditions in the definition above ensure that the 
functions in Bi,a are L^-orthogonal to the constants and Sa- The R factor in the definition above 
will be related to a deformation of Ma taking dMa away from its scaffold W and is will be used to 
guarantee the surjectivity of the linearized operator. 

The parametrization of Lagrangian embeddings of Ma near ha will be of the following form. 
To each {H,b) G Bi^a x R-, associate the embedding o c/i^^ o ha^ where the 4>\j^ term is the 
time-1 Hamiltonian flow of a suitable extension of the function _ff , and the term is the time-6 
Hamiltonian flow of the extension of a carefully chosen function v : dMa R. In order to describe 
the extended functions H,, and Ve in greater detail, a lemma concerning the structure of tubular 
neighbourhoods of dMa is needed first. 

Lemma 22. Let W be a symplectic submanifold of codimension 2 in R^" and suppose that L is a 
Lagrangian submanifold with boundary dL C W - Then there exists a tubular neighbourhood lA of 
the boundary and a symplectomorphism ip : lA — > {T*dL) x R^ with the following properties: 

1. tJj{W nU) ciT*{dL) X {0,0}; 

2. TpidL) = dLx {0,0}; 

3. Tjj{Lr\U) C aL X R+ X {0}; and 

4- tp*Z — along dL, where (s^, s^) are the coordinates for the R^ factor and Z is the inward 
unit normal of dL. 

Proof- The proof of this lemma can be found in □ 
Definition of He 

The function H is extended in two stages: H is first extended in an obvious manner to a neigh- 
bourhood of Ma] then this extension is modified near the boundary to ensure that the Hamiltonian 
deformation (f)\j keeps dMa confined to W. The preliminary extension will be carried out in a 
tubular neighbourhood of Ma chosen according to the following considerations. 
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Recall that the submanifold Ma consists of two large pieces M[ and which are connected 
by a thin neck. Hence there is a tubular neighbourhood for Ma which is large around each M^ but 
small in the vicinity of the neck. Denote this neighbourhood by Ui. Without loss of generality, this 
tubular neighbourhood is symplectomorphic to a neighbourhood of the zero section in T*Ma- Let 
T : R^" — > R be a smooth function equal to 1 in a tubular neighbourhood U[ of Ma contained 
in Ui and that vanishes outside Ui. Furthermore, suppose r satisfies |t| + a|| Vt|| < C (the factor 
a arises because of the narrowness Ui near the neck region of Mq.). Now define Hi : Ui — > R in 
Lagrangian neighbourhood coordinates by: 

Hi{q,p) = T{q,p)H{q) 

and to extend Hi outside Ui, simply make it zero. 

The previous extension must now be modified near the boundary. First, choose a tubular 
neighbourhood L(2 of dMa in which symplectic coordinates can be chosen as in Lemma ^ Suppose 
that the number W2 characterizes the width of U2 in the sense that if {x, y; , s^) denotes a point 
in T*dMa x R^, then it belongs to U2 if max {\\y\\, |s^|, \s'^\} < W2. Now let 770 : R — » R be 
a smooth, positive cut-off function that is bounded by 1, vanishes outside the interval [0, 1], and 
is equal to 1 inside the interval [0,1/2]. Define the extension H2 : U2 — > R in the {x,y ; , s'^) 
coordinates by 




and once again, let it to be zero outside U2- 

The complete extension of the function H that is desired will come from smoothly interpolating 
between the extensions Hi and i?2- Denote by rji the function of R^" given by extending the 
function f7o(|s^l/^2) defined in U2 to all of R^" by setting it equal to zero in R^" \ ^2- 

Definition 23. For any H e C^^^(Mq), the extension of H to R-^" is denoted by He and is defined 
by the equation 

Heix) = {l~r]i{x))Hiix)+H2ix) (35) 

for any point x in R^". 

The following proposition shows that, with the proper boundary conditions on the functions H, 
the deformations (f)^ deform Ma in the desired manner. 

Proposition 24. Let H e C^'^{Ma) and suppose that H satisfies Z{H)\g^j = 0. Then the 
family of submanifolds (j)^ {Ma) is a Lagrangian deformation of Ma and the family of boundaries 
4'h {9Ma) remains on the scaffold W. Furthermore, the deformation vector field associated to this 
family of submanifolds is the vector field Xh which satisfies Xh \ lo = dH on Ma ■ 

Proof. The proof of this proposition is a straightforward algebraic calculation and can be found in 

i- □ 



Definition of Ve 

First define the function v : dMa R. Recall that dMa consists of the disjoint union of the two 
separate boundary components dMi and dM2. 



Definition 25. Define v : dMa — > R by the prescription 



X e dMi 



v{x) = <^ ^"'(f*^^) (36) 

i VoiiOM^) ^ e dM2 



Note that this definition implies that J^^^ w = 0; this fact will be used later. 
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Use the symplectic coordinates for the neighbourhood U2 guaranteed by Lemma to extend 
V. Define the extended function : U2 — > R by 

^e(x,y;s\s2)=«(a;).^of^)^of^')r;of^') . (37) 

\W2 J \W2 J \W2 J 

Extend outside U2 by setting it equal to zero there. Note that the function satisfies the 
property Z[ve) — gfr'^^e = f at the boundary. 

The deformation vector field of the Hamiltonian deformation (p'l is the vector field that satisfies 
Xy^ \ uj — dve on Ma- This vector field can be obtained from similar calculations to those carried 
out above in the definition of H^, resulting in the expression 



dM^ OS'' 



This is perpendicular to W. Consequently, the deformation (f>^ moves dMa away from W. 

The differential operator Fa describing minimal Lagrangian submanifolds near Ma comes from 
combining the general consideration of Section 2.2 with the specific parametrization of nearby 
Lagrangian embeddings constructed in the previous paragraphs. 

Definition 26. Let Bi a be the Banach space of functions given in equation (Q). Define the map 
Fa : Bi^a X ^ CO'^(M„) by 



FaiH,9,b) = {^{q^loq^'j,^oha) Im(e"^dz),Vol,^^^^_ . (38) 

The linearization of this operator at the point (0, 0, 0) is now easily calculated by applying the 
general result of Proposition and is given by the following proposition. 

Proposition 27. Let (u,a,b) e Bi,a x R^- Then the linearization of Fa at (0,0,0) acting on the 
point (u,a,b) is given by the formula 

BFa (0, 0, 0) (u, a, 6) = - cosiOf,^ ) A^^ u - sin(0j,7^ ) {Hj^,^ , Vu) 

+ a cos(0^-j^ ) — b Ajg^ Ve ■ (39) 

4.2 The Weighted Schauder Norm 

Lagrangian submanifolds close to Ma are parametrized over the Banach space Bi,a x R according 
to Definition It remains to choose the norms for both Bi^a and C°'^(Ma) in which the mea- 
surements of Cl{oi), Cat (a) and Fq(0, 0, 0) will be made. The usual C'''^ norms will turn out to be 
unsuitable for exhibiting the explicit dependence on a of these quantities. The optimal norms for 
solving the deformation problem are weighted Schauder norms, whose weight function compensates 
for the two different scales of Mq, one within the neck region and one outside it. 

The two different scales of Ma are encoded in the radius of uniformity of the induced metric 
5^7 and is defined as follows. For each point p of Ma, there is a radius r{p) so that geodesic normal 
coordinates can be used in the ball Br(p){p) and the metric coefficients are uniformly C'^''^-bounded 
in these coordinates. That is, 

where | • ^ is the scale- invariant Schauder norm of R" given by 

H*k.0,Bn = l^kBn + R\^n\o^Bn + ■■■ + i?1 V^uIcBh + R''+^[V'u]^,B, . (41) 

Here, | • |o,Sb denotes the supremum norm over Bji and [-J^.b^ denotes the Holder coefficient in 
Br. ' 

If p is in the interior region of Ma then r{p) > eri(|) where ri gives the radius of uniformity of 
the metric in the unsealed Lawlor neck A^i. The behaviour of ri in A^i is as follows. In A^i n Ba{Q) 
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for some fixed radius a, ri{p) is bounded below by some fixed number Rmt- In -^i H (i3a(0))'^, the 
bound 7'i(p) > mi||p||, for some fixed rate mi because if Ni n (^Ba{0)Y is close to a cone if a is 
sufficiently large. Translating this behaviour back to M„ is a matter of rescaling: r{p) > eRint in 
eA^i n i3ea(0) and r{p) > m\\p\\ in eNi n (i?ea(0)) . Next, the value of r{p) for p in the exterior 
region M[ U M2 is independent of a and is bounded below by some value Rext- Thus r{p) grows 
from size eRint with constant rate until it reaches the value Rext, which it attains in some ball of 
radius independent of a. 

The behaviour of the radius of uniformity of the induced metric of Ma suggests that the desired 
weight function should be one which interpolates between the value eRint in a ball of radius ea 
contained in the interior region N' and the value Rext in some part of the exterior region M[ U Mj. 
Let R = min{Rint, Rext} and choose any f3 £ (0, 1). It is easy to verify that a smooth and increasing 
function of the following form exists on Mq. 

Definition 28. Let p : Ma — > R be a function of the form: 

{Re X £ ManB.aiO) 

Interpolation x £ Ma H ^titij-^q^ ^^(^(0)) 
R X £ Man{B,,,{0)Y 

where b £ IL and the interpolation can be chosen so that p is smooth and so that the following 
additional properties hold. 

Property 1: The gradient of p satisfies the bound |jV/ci|| < Ke~^ for some K independent of a 
because p grows from size eR to size R in an annular region of width on the order of e^ . 

Property 2: Since p — eR in B^a{0) and then grows to size 1 in the annulus y4.rm(£(j_£/3^') (0), there 
is a constant C independent of a so that p{x) > C||a;|| in this annulus. 

Property 3: Suppose fc > 1. Then [p'^I^^m^ < Ce"'', where C is independent of a. 

Proof: Choose two points x and x' in Ma and let 7 be the length-minimizing geodesic connecting 

these two points. Now calculate, 

'f (V(/),7)ds 



\p''{x) - p'^{x')\ 
{dist{x, x'))^ {dist{x, x'))^ 

< k\p'-\si^ l|Vp||o,M„ (diamiMa))''^ . (42) 

The distance function used here is the distance function on Ala corresponding to the induced 
metric. All quantities except the gradient term in the estimate (^2|) are bounded above by constants 
independent of a, whereas the gradient is bounded by Ke~^ . □ 

Property 4: Suppose /3 £ (0, 1). Then [p'^]fj^M^ < Ce~^ , where C is independent of a. 
Proof: Choose two points x and x' in Ma which satisfy dist(x,x') > e. Then, 



(^dist{x, x'))^ 



Next, suppose dist{x,x') < e. Then, 

\p^{x)~p^{x')\ 
(^dist{x, x'))^ 



< 2R" e 



<p\p^-\.Mj\^p\kMy-^ 

<P{Rf-^Ke~'^, 
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since p is bounded below by Re. Taking the supremum over Mq, yields the desired result. □ 

Property 5: Suppose p < n. Then \\p^^\\lp(m^) ^ C*, where C is a constant independent of a. 
Proof: Choose p < n and calculate as follows. 



Aj„nBea(0) JM„nAnn(^^^^j^j(0) J A/„n (s^^ JO)) ' 

< (Rey Vol{B,aiO)) +C f s''-P-^ds+ f ^ R-p (by Property 2) 

Jea J(b hJO))" 



<C 1 



which is bounded when p < n. □ 

Property 6: There exists a constant C independent of a so that p{x)e^ < Cr{x) for every x € M^, 
where r(x) is the radius of uniformity of the metric cocfhcients at the point x. 
Proof: The result is true by definition of p and r in the ball i?ea(0) as well as well as outside some 
large ball of radius independent of a where r{p) is bounded below. Between these two regions where 
r grows linearly, the gradient bound on p implies that p{x) < p{0) + iir£~'^||a;|| and thus 

pix)e''^ < e^+l'y K\\x\\ 

1 /e^ \ 

< — \-K] r{x) 

m \ a J 

using the fact that r{x) > ?n||a:|| in the region in question. This leads to the desired estimate. □ 

The p- weighted Schauder norms on Ma that will be used to carry out the estimates of the Main 
Theorem are defined as follows. 

Definition 29. Let u be any C'^'^ function on M^. The weighted (fc, /3)-Schauder norm of u will 
be denoted \u\^k,f>^j^j ^ and is defined as 

hlc^^CAf^) = hlo,A7„ + I lo,A?„ + • • • + I / V^U |g + V^u]^ . 

Here, | • |q denotes the supremum norm and [ • ]^ denotes the Holder coefficient on M^; the 
norms and derivatives in this expression are those corresponding to the induced metric on Ma- 

The differential operator Fa maps between the Banach spaces Bi^a x R-^ and C°'^{Ma)- The 
analysis that will be performed in order to solve the equation Fa{u,a,b) = requires a choice of 
norm to be made in both of these spaces. 

• Use the weighted norm |u|p2.0|.j^j ^ for functions u in the Banach space Bi^a- 

• Use the product norm II (u, a, 6)11^2, )xr2 ^ V^Ic'^''^(m ■) + + j for elements in the 
Banach space Bi^a x R-^- 

• Use the weighted norm I / 1 ^-Q . s for functions / in the Banach space C'^'^{Ma)- 

It is easy to verify that B and C^'^{Ma) are indeed Banach spaces with these norms. Further- 
more, DFq,(0,0, 0) is a bounded operator in the weighted norms. 

Proposition 30. The linearization D_F'ct(0, 0, 0) of Fa at the origin is a bounded operator between 
the space Bi,a x with norm \\ ■ H^a.^^^^ )xr^ '^"'^ space C^'^{Ma) with norm \(? ■ l^o.^^j^j^ ^. 

Proof. Let (u, a, 5) e B\,a x R^. Then using the form of DFq,(0, 0, 0) derived in Proposition |27| , 

|p2Di^a(0,0,0)(M,a,6)|po.3(^^^^ < |p2cos(%^)Aj,7^u|po,0^^^^^ 
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+ I sin(6ljvf^ ) {Hm^ , Vu) m„ I ^0,0 ( j 

+ |a| \P'^ ^o^i^ mJ\c°/\m^) ~ 1^1 l^'^^M=^elc0.3(^-j^) (43) 
Each of the four terms in the expression above will be estimated in turn. Begin with the first term: 
|p^cos(6'mJAm^m|^o.3(^^^) < |p^cos(6I^7JAjv/^m|o^m„ + I cos(6'mJIo,a7„ • [p^""^^ ^m^u]^^^^ 

+ [C0S(%^)];3,M„ • |p'^|o,A?„ • |P^AAf„w|o,A?„ 

< (l + [cos(6'mJ]/3,a7„ • \p^\q.m.^HcI-^\m^) 

by definition of the C'^'^ norm and the bounds ( p9| ) on the trigonometric functions of 6*^^/^ . Now, 

|p^cos(6'^7jAjv7^u|po.^i(^^^) < C(l + ai"'^)|u|p2,3(^^^) , 

by the bounds on the function p and on the Holder norm of the cosine term. 

The second term in equation (|4^) can be estimated in a manner similar to that used for the 
first term, this time using the bounds on the mean curvature from Proposition One obtains 

|p'sin(%J(i?M„,Vu)MJcO,0(jg^) < Ca. (44) 

Finally, deal with the remaining two terms in (^). It is trivial to show that the third term is 
bounded above by a constant independent of a. For the last term, recall that Ve is explicitly 
independent of a and is nonzero only near the boundary of Ma where p is independent of a\ thus 
bounding this term above by a constant independent of a is trivial as well. 
The considerations of the previous two paragraphs lead to the estimates 

Since the norm on the right hand side above is equivalent to the || • llc-^.^j-jg )xr2 norm, the proof 
of the proposition is complete. □ 

The next theorem shows that an elliptic estimate for the operator '^^'^ found using the 
weighted Schauder norms and that the constant appearing there is independent (or nearly so) of a. 

Theorem 31 (Elliptic Estimate). There is a constant Ceu independent of a so that the elliptic 
estimate 



< Ceu (e-2^|p2A^7^u|c,o.3(^7^) + |u|o,a7„) (45) 



holds for any C^'^ function u on Ala with a < A2 and satisfying the Neumann boundary condition 
Z(u) = {) on dMa- 

Proof. The strategy for proving the elliptic estimate (|4|) is to piece together local elliptic estimates, 
valid in coordinate charts in which the metric coefficients are uniformly bounded. These local elliptic 
estimates can be phrased as follows and their proof can be found in any standard textbook on elliptic 
theory, for instance Q]. 

Fact: Suppose P : C'^'^{il) — > C^'^{i}) is a second order elliptic operator defined on a domain 
il contained in R". Then the following estimates are valid for any C"^'^ function u on il. Here, 
e (0, 1) is arbitrary and Cioc is a constant which depends only on 9, f3, the C^'*^ norm of the 
coefficients of P and the dimension n. The norms used here are the local, scale invariant Schauder 
norms introduced in (ftlh. 



1. Let X belong to the interior of fl. Then, 

\u\*2,P,Ben{x) < ^loc (^^ l^'w|o,/3,Bfl(a;) + \u\o.Bnix)) (46) 

where Bfj(x) is a ball centered at x and contained in the interior of Q. 
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2. Let X belong to dil and define B^{x) = Bii{x) n il and Uji{x) = Bji{x) n dil. Then, 

K,p.Bi,i.) ^ {R'\P<p,bU^) + l"lo,B+(.) + R\Z{u)\U,u.^,)) (47) 
where Z is the conormal vector field of the boundary of fi. 

The proof of the global elliptic estimate for A^j^ on all of Ma will establish in two separate 
calculations that for any x G Ma, 

\u{x)\ + p{x)\\Wu{x)\\ + p'^{x)\\W^u{x)\\ < Q (48) 

and 

II p2+/3(a;)V2u(x) - p^+P{x')V^u{x') 



(^dist{x, a;'))' 



< Q , (49) 



where Q refers to the right hand side of the inequality (^5|) above. If this is established for all 
X S Ma (or X and x' in Ma in the second case), then the theorem follows by taking the supremum. 

Begin by choosing a point x in the interior of Ma- For the first calculation, let s = p(x) and 
recall that || Vp(2/)|| < Ke^^ = for all y € Ma- Property 6 of the weight function shows that one 
can assume, without loss of generality, that the constant Kg, is such that -^j^ is less than r{x), which 
is the radius of uniformity of the metric coefficients at x- Consequently, local coordinates in which 
the coefficients of the metric are uniformly bounded can be used within Bg^2Kci^)- Furthermore, 
if y is any point in Bg/2Ks{x), then \p{y) — p(x)\ < Kg\x — y\ and this implies 

\p{y)\ > \p{x)\~K,\x^y\ >'-- 

By a similar argument, \p{y)\ < ^ in B^^2K^{^)- Now choose 9 £ (0, 1) and argue as follows. First, 
by simple algebra, 

\u{x)\ + .s\\Vu{x)\\ + .s^VM^)\\ < Hx)\ + Ce-'^ (j±-\\Vu{x)\\ + (^if-^ V'^(^)ll^ 

where C depends only on 9 and K. But now, the definition of the local | • |* Schauder norm and 
the local elliptic estimate in the ball Bg/2Ki, i^) can be applied to give 

|u(a;)| + s||Vw(x)|| + s^||V^m(x)|| 

< (s2|Aj,-,^u|o,B./,,.jx) + + l^lo,A/„ , (50) 

where C now depends on Cioc- The first term in equation ( |50| ) is easy to handle: 

\P^^M^u\o.M^> sup \p^{y)AM^u{y)\> —\Aj^-j^u\o^B,,^i,(x) (51) 

by the lower bounds on p- For the second term of (^o|), choose y and y' in Bg/2Ke{x) ^^^d estimate 
\p^+P{y)A^t^u{y) - p^+P{y')Aj^,^u{y')\ 

\y-y'\^ 



(2 + /3) \p'+%.B^,,^,(.) llvHIo.B,,.,^.) \y - y']''^ \^MAy')\ 
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^ ^ , „2+/3 I^mMv) - ^MMy')\ -2/3,2. I 1 /.o^ 

>C[s \y-y'\f^ Ip ^A7„u|o,B./2ic,(-) ) (52) 



using the bounds on p and ||Vp|| as well as the result in equation (^l|). If the supremum of ( ^2[ ) 
over all ?; and y' in the ball Bg/2Kc (^) taken, then the inequality 

follows, again by applying equation Substituting the inequality (|53| ) along with the previous 

inequality into equation (|5^) yields the first estimate (^). 



For the sake of brevity, the calculation of the second inequality in (49) will be omitted because 
it is essentially the same as the previous calculation. Nevertheless, all the details can be found in 
^ . Finally, the case of a; G dMa follows trivially from the local elliptic boundary estimate because 
the boundary of Ma is independent of a. □ 

5 Analysis of the Linearized Operator 
5.1 Outline 

In order to invoke the Inverse Function Theorem to produce solutions of the equation Fa{H, 9, b) — 
0, the linearized operator D.F'q (0,0,0) must be a bijection satisfying the estimates required by 
the Inverse Function Theorem. The injectivity of the linearized operator will be established by 
producing a lower bound of the form |p^DFq(0, 0, 0)(u, a, 5)|(^Q,^j.jg ^ > CL{ot)\\{u,a,b)\\^2,[-if^f^j )xR2 
for any u £ Bi,a and (a, b) £ R^. Let 

Pa = cos(6ljv7^ )^M^+ sm{efj^ ) Hj^f^ ■ V , 

-00, a = C0S(6I^-J^) , 
01, Q = -Ajg^l^e . 



The desired estimate is now equivalent to 
p'^PaU - aipo.a + bip 



> 



CL{a){\u\l.^^,^^^^^+a' + b^y^^ . (54) 



Such an estimate will be developed in Sections 5.2 through 5.6 and the precise dependence of Cl 
on a will of course be determined as well. It will be shown that the choice of parametrization made 
in the previous Section is enough to ensure that Ci(a) is nearly independent of a. The surjectivity 
of the linearized operator will follow in a more or less straightforward manner from the results of 
the analysis leading up to the injectivity estimate and will be presented in Section 5.7. 

The lower bound (^^ comes from combining four separate results, and it is worthwhile to 
indicate in general terms how this will be done before proceeding with the details. The starting 
point is an estimate on the second Neumann eigenvalue of the Laplacian on Ma- This is the key 
estimate of this paper. It is purely global in nature and is of the form 

l|AAf„w||L2(A7„) >C\Ml^m^) (55) 

for functions u perpendicular to 1 and to Sa, the first eigenfunction of the Laplacian on Ma- Here, 
C is independent of a. 

The second step is to deduce an estimate similar to the one above but in the weighted C^'^ 
Schauder norms; in other words, one of the form 

|P^^M„w|c°'''(M„) ^ C'^^'^l"lc^'^(A/„) ■ (56) 

This estimate will be found by combining the elliptic estimate for derived in Section 4.2 with 
the De Giorgi Nash estimate for A^^^u. 
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The third step is to deduce the desired injectivity estimate Pq. This estiniate, namely 

|p2(cos(6i^7j AAf^M + sin(6lA/Ji?Af„- Vu)|^o,/3(^-j_^) > Ce^'^\u\^2.iif^j^^y (57) 

holds because the mean curvature trigonometric terms can be controlled when a is small. 

The final component of the injectivity estimate is to incorporate the i/'o.a and ?/'i,q factors into 
the estimate found in the preceding step. This is a consequence of the fact that functions in Bi^a 
are orthogonal to 1 and Sa ■ 



5.2 Second Eigenvalue Estimate for A^^^ 

The fundamental fact that will guarantee the injectivity of the linearized operator DFq (0,0,0) is 
that the second eigenvalue 1^2 of Ajg^ is bounded below independently of a. This bound will be 
derived by piecing together two a-independent inequalities that already hold on M^. The first of 
these is essentially the Poincare inequality of the original special Lagrangian submanifolds Mi and 
M2 comprising M. 

Proposition 32. Suppose u belongs to H^{Ma), satisfies j^j u = Q, and has support contained in 
only one of the factors M[ or M2 ■ Then the function u satisfies the inequality 

||Vu||2 >Eo I 

where Eq is a constant independent of a, 



Proof. Let Eq = min{Ai , A2}, where each Ai is the first Neumann eigenvalue of Mi. The result of the 
proposition is now an elementary consequence of the Poincare inequalities /^^ ||Vm|P > Xi Jj^j 
and the fact that M' C Mi. ' ' D 



The second inequality that is valid on Mq, holds independently of a even in the neck region. 

Proposition 33. There is a number A3 with < A3 < A2 and a geometric constant Ems inde- 
pendent of a so that if a < A3 then the inequality 

|2 ^ r_ / Ilr7,.l|2 



\u\' < Ems / llVull^ (58) 
holds for any function u that vanishes in a neighbourhood of dM^. 

Proof. The Michael-Simon inequality [|T) for a submanifold M with boundary in R^" states 



V\n^l I " <C / (||Vi.|| + ||i?M|| •l^'l) (59) 

for any function v G H^{M) which vanishes in some neighbourhood of the boundary dM. Here, 
Hm is the mean curvature vector of M and C is a constant depending only on n. 

According to Proposition ^5[ the mean curvature vector of Ma is pointwise bounded everywhere 
in the transition region Ti UT2 and vanishes everywhere else. Thus integral norms of the magnitude 
of Hm can be made as small as desired by choosing the parameter a small enough. This makes it 
possible to absorb the mean curvature term in ( p9| ) into the left hand side, thereby producing the 
inequality ( p8| ) . This calculation will be omitted because it is a straightforward application of the 
Holder inequality upon substituting v = ^^("-i)/". □ 

The desired estimate on 1^2 now comes from combining the Poincare inequalities on the separate 
pieces M/ with the Michael-Simon result in the neck region Ti U iV' U T2. 
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Theorem 34 (Second Eigenvalue Estimate). If a < A3, then the second Neumann eigenvalue 
i>2 of the Laplacian on Ma is bounded below by a geometric constant C2 independent of a. Conse- 
quently, the inequality 

holds for all u G Bi^a- 

Proof. The lower bound C2 will be deduced using the max-min characterization of the second 
eigenvalue, namely that 

^ \[mJ^ [ [ ^ a 

V2 > ml ■! — r. — : / u- (pi ^ u ■ (p2 ^ > 

for any specific choice of (j)i and (j)2- Begin by making such a choice. 

Recall that the submanifold consists of the union of the exterior components M{ and M2 
of M, along with the neck region Ti U A^' U T2. Denote this latter region simply by N . Define the 
functions 4>i : — > R by the prescription 

(^1 = X,,, + X^w 

(60) 

where x„ refers to the characteristic function of the subset U of Mq,. 

Let u be any function on M^. Suppose that it has norm equal to one and satisfies the 
orthogonality conditions jj^^ (f)i ■ u — and Jj^-j (f>2 ■ u = 0. These two conditions give 



w = and / u = 0. (61) 

Choose any 6 E (0, 1) and consider the two separate cases: either Jj^.j/^jj^^i > 1 — 6 and thus 

< 5; or else jj^jiyjj^.p <1 — S and thus > 5. It will be possible to show that there is 

always a choice of 5 e (0, 1) so that in both cases above, the inequality j^^ > C2 holds for 

some positive geometric constant C2 independent of a. 

Case 1: /j,^,ua/^ > 1 - 5 and < 5. 

Calculate as follows: 

IVwIP = / ||Vu||2+ / ||Vw||2+ / ||Vu||2 



Jm', Jn Jm' 



> I \\Vuf+ / WVuf 



Ml JM: 



where u is the function on Ma which is equal to u on M[ U M2 and equal to zero in N. The 
Poincare inequality of Proposition (^) for functions supported away from the neck region can be 
applied (since H^{Ma) is dense in L'^{Ma)) to give 



||Vu||-' >Eq u 
Mq j m, 



2 



= -Bo / 

>Eoil~S). (62) 



Case 2: !^r^^,,u^ < 1 - <5 and 



Choose a function 77 : Ma — > R with the following properties. Let 77 satisfy < 77 < 1, be 
equal to one in N and vanish in a neighbourhood of the boundary of Ala- Moreover, choose 77 
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such that llVryll is bounded above by a constant K that is independent of a. Write u — rju + 
(1 — ri)u. The function rju is thus a member of H^{Ma) and vanishes in a neighbourhood of the 
boundary. Consequently, the Poincare inequahty of Proposition (|3^ ) is vaUd for rju, and this yields 
the inequalities 

llVwf ^ / \\V{f]u+il-f])u)f 

||V77u|p + 2 / (V77U,V(l-77)w) + / ||V(l-?7)Mf 



> £^Afs [ + 2 [ (1 - 2r/)iiVw • V77 - 2ii:2 / ^2 

>EmsS + 2 I {l-2T])u\/u-\/r]-2K^{l~6) (63) 

J Mr. 



by the Michael-Simon Poincare inequality and the fact that V?7 is equal to zero in N. It remains 
only to deal with the cross term. By the Cauchy-Schwarz inequality, 

2 (1 - 2?7)mVw • V77 > -2 / |w| |1 - 2r]\ |Vu • V77I 

>-2f 1^.1 ||V^.|| ||Vr;|| . 

J Ma 

The fact that |1 — 2?7| < 1 has been used here. Now apply the Holder inequality and the Schwarz 
inequality 2ab < + to the integral on the right hand side above to obtain: 

2/ (1 - 277)wVu • V?7 > -2 ( /" ||Vu|n (/" |u|2||V77|| 

J Ma Jm[um^ 
>~ f \\Vuf - K^l ~ S) . (64) 

JMa 

Use the inequality ( |64| ) in the estimate ( |63| ) above and combine the J ||Vm|P terms on the left hand 
side. This results in: 

4l|V.f>^-^^. (65) 

In order to complete the proof of the theorem, the quantity S must be chosen between zero and 
one to make both bounds (62) and ( |65| ) positive. This can be accomplished by choosing S near 
enough to 1 to make the negative term in (pq) strictly smaller than the positive term. □ 



5.3 Injectivity Estimate for A^:^^ in the Weighted Schauder Norms 

The next step in the proof of the injectivity estimate is to combine the eigenvalue estimate of the 
previous section with the elliptic estimate for A^^^^ and derive equation (|5^) in the Schauder C^'^^ 
norms on Ma- The tool which allows the two estimates to be combined is the De Giorgi Nash 
inequality This inequality will make many appearances in the sequel. 

Fact: Let u <E H^{Ma) be a weak solution of the equation ^m^u = / where / G L''^^{Ma) for 
some q > n. Furthermore, suppose u satisfies Neumann boundary conditions. Then there is a 
constant Cdgn depending only on n and 5 so that for every p > 1, 

|w|o,n' < Cdgn (( l^o^(^!))"'/^l«IUn^^) + ( ^o;(r!))'/""'/^||/L,/.(o)) , (66) 
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where is any subset of Ma and fl' is any subset of the interior of il. The reader should consult 
[|o) or [ll for more details. 

The constant in the De Giorgi Nash inequality is independent of a because it depends on 
the metric of Ma only through the constant appearing in the Michael-Simon inequality (|5^), and 
this quantity is independent of a. The estimate thus provides the essential link between the a- 
independent injectivity estimate for A^7^ derived in the previous section and the required C'^'^ 
estimates. 

Proposition 35. If a < A^, then there exists a constant C independent of a so that 
for any function u £ Bi^a- 

Proof. Suppose that the proposition is false. Then there exists a sequence of parameters aj 
(thus also a sequence of weights pj and scales Sj) and a sequence of functions Uj € Bi ^j , normalized 
so that Iuj Iq = 1, that satisfy the following inequality: 



P'l^M^Uj <-, (67) 



for each j. Let Xj € be a point where Uj(xj) — 1 and consider a large ball Bfj{xj) centered at 
Xj — any R independent of j will do. By the De Giorgi Nash Estimate with p — 2 and some q > n 
that will be specified later, 

1 = I"jIo,s«h(^.) - *^ (|I"jIIl^(m=,) + I1^a7.,-"jI1l'/2(a/„^.)) ' (68) 

where C depends on Cdgn and R. Next, apply the second eigenvalue estimate along with Green's 
identity to obtain 

n)<cj |m,-Am„.%|<C||Am„.Uj||li(a?„.)' (69) 



using the normalization of Uj. Substituting the result of equation ( |69| ) into ( |68| ) and applying 
Holder's inequality yields 

1 <C||AM„^.u,||i,/2(M„^.). (70) 

This will lead to a contradiction if it can be shown that the right hand side of inequality ( [70|) goes to 
zero as j oo. Note that in dimension n = 3, the fraction q/2 can be less than 2. Thus using the 
straightforward estimate ||uj||L2(AjQ-) ^ ^W'^Mc.-'^jWL^iMc ) ™ (H) "^ould not lead to the estimate 
(|70|). But the L''/^ norm will turn out to be a crucial component of the following argument. 
To proceed, calculate the L'^/^ norm of Aj^j^ Uj. 



|Aa/<,.UjIIl<!/2(m„.) 





using the fact that each pj is everywhere bounded below by Rsj- By Property 5 of the weight 
function, ||p7^IL'!<i-'')(Af ) bounded above independently of j whenever q < jjzpj- Since n < 
, there is such a choice of q compatible with the requirement q > n that can be made in equation 
(fzol). Therefore, the quantity in the right hand side of ([70| ) can be made to approach zero. □ 
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Given the result of the previous proposition, it is now an easy matter to transform the elliptic 
estimate of Theorem ^ into a true injectivity estimate for the operator Ajj^^ on the space of 
functions Bi^a- 

Proposition 36. Suppose a < A4. Then there is a constant C independent of a so that the 
estimate 

|w|c^.^(Af„) < C^'^^\P^^M.^\c°'\M^) (71) 

holds for any function u G Bi^a- 

Proof. The global elliptic estimate of Theorem |3| implies that the function u satisfies: 

|u|c^-3(M„) < CeU (£"^''|p^Ajvl^u|^o.3(^^„) + |u|o,Af„) • 

The |it|Q term can be controlled as in Proposition |3^ and yields the desired estimate. □ 

5.4 Injectivity Estimate for in the Weighted Schauder Norms 

The key to finding the injectivity estimate (|57| ) for the operator Pa is that cos(6'jf/^) w 1 and 
sin(6'ji7^ ) « when a is sufficiently small. 

Proposition 37. There is a number with < < ^4 cind a constant C > independent of 
a so that if a < A^, then 

l^y.^iM^) < C^~^^\P^Po.u\^°'^^M^^ (72) 

for any u € Bi a- Here, 6fj^ is the angle function of Ma and Hj^j^ is its mean curvature vector. 
Proof. Start with the right hand side of equation ([z^. 

\p^Pau\ > \p^ coaiOjyjJ Afj^u\^o.fi^j^;j^^ - \p^sm{efjj (Hj^j^,Vu)\^o,i, ^^^-^^^ (73) 

The first term of ( [T^ ) is easy to deal with by applying the injectivity estimate from Proposition 
and the properties of the trigonometric functions of listed in equations ([2S|): 



|p2 cos{9fiJ Am^u\^o,0^^j^^ = \p^ cosiOfjJ Am^u\q m^ + [p^+Z^ cos(6i^7j Aj,7^u]^_jg^ 

> Ip^^mJom^ ■ |cos(%Jlo,A?„ + [p^+'^A^7^u]^_^7_^ • |cos(e'Mjlo,M„ 

> C{l-a'~'')\p^A^j^u\co,,^^,,^^ 

>Ce2/3|u|^.,,^^^^^, (74) 



for some constant C independent of a when a is sufficiently small. The second term of (|73| ) can be 
estimated from below using inequality (E3) from Proposition pfl and results in 



This gives the desired estimate when a is sufficiently small. □ 
5.5 Properties of the First Eigenfunction 

In order to complete the injectivity component of the proof of the Main Theorem, it remains only 
to extend the injectivity bounds derived in the previous section to the full linearized deformation 
operator (u,a,b) i—^ PaU + aipo^a + bipi.a. Recall that the functions u are taken in the Banach 
space Bi^a and are thus L^-orthogonal to the span of 1 and Sa, where Sa is the first non-trivial 
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eigenfunction of A^:^^ . It will be shown that the injectivity estimate for the full linearized operator 
is equivalent to finding a lower bound, independent of a, on the inner products 

and /_ -04, a • Sa (75) 

for i = \ and 2. Unfortunately, too little is known about the function Sa to accomplish this. The 
purpose of this section is to derive the necessary properties of Sa- Begin with the following lemma. 

Lemma 38. There is a number A^, with < ^ ^5 o.nd a constant C > independent of a so 
that if a < Aq, then the function Sa satisfies {Salo m — ^■ 

Proof. Let x G Ma be a point where Sa is maximal and let Br^x) be any ball about x with radius 
independent of a. Apply the De Giorgi Nash inequality with p = 2 and any q > n to Sa to Sa- 

^ {\\^M^Sa\\Li/2{M^) + II'5'q||l2(^7^)) 

<C{iyi\Sa\o,M^+l) ■ (76) 

Recall that i^i < Ca^^^; thus if a is sufficiently small, the \Sa\a terms can be grouped together 
in ([76|), and lead to the desired estimate. □ 

The remaining properties of Sa will be derived by first approximating this function and then 
deriving these properties from the approximation. As in Proposition ^ of Section 3.4, let cr be a 
function which is equal to 1 in M{, equal to -1 in M2, and which interpolates smoothly between 1 and 
-1 in the neck region of Ma- Furthermore, choose a so that the derivative bounds || V(t|| +a|| V^(t|| < 
Ca~^ are satisfied within the neck region. This function can not be in Bi^a because of the following 
result. 

Lemma 39. The quantity cr ■ Sa is bounded below by a positive constant independent of a. 

Proof. Assume that the lemma is false. Then there is a sequence aj — > and a sequence of 
interpolating functions aj as above so that /^^ aj • Sa^ 0. Let Uj — cTj — (aj ,1) / Vol{Maj) — 

{aj , Saj ) Saj , using the abbreviation (u, v) = Jj^j u-v. Now, {uj , 1) = {uj , Sa^ ) = so Uj G Bi^aj ■ 

Consequently, the aj-independent second eigenvalue estimate applies to Uj to give 



Ma- JM, 



which implies 



|V^,|li.(M„^) + {(T.^Sa,? > C (h,||i.(M.^.) - (a,, 1)2) (77) 



using orthogonality properties of the functions 1 and Saj and Green's identity. By construction 
of aj, the right hand side of ( [77[ ) is bounded below by a constant independent of j, whereas the 
(CTj, Saj) term goes to zero with j by assumption and || Vct^ ||^2|.j^^ ^ < Cq;""^ ^ as calculated in 

Proposition This contradiction proves the lemma. □ 
Since the quantity (ct, Sa) is positive, one can define the approximate first eigenfunction Sa by 

. a-{a,l)Vol{Ma)~' 

^" - {^) ■ ^''^ 

Note that {Sg, 1) = and {Sa,Sa) ~ 1- The two properties of Sa needed to estimate the inner 
products (^5[) will be deduced from the C" difference between Sa and Sa- 
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Proposition 40. Suppose a < Aq. Then the approximate first eigenfunction Sa satisfies the 
estimate 

|5a-5a|0,M„ <C^a("-2)/2, (79) 

where C is a constant independent of a. 

Proof. Let X G Ala be a point where Sa ~ Sa is maximal and let Bjf {x) be any ball about x with 
radius independent of a. The De Giorgi Nash estimate with p — 2 and any q > n implies that 

I'S'q — Sa\o,BR(x) < C {\\Sa ~ Sa\\L^(M^) + \\A]yj^Sa ~ A ]^j^Sa\\ Li/^ (Mc,)) ■ (^0) 



Estimate each term on the right hand side of ( pO[ ) in turn. First, by construction of Sa, the 
difference Sa — Sa is orthogonal to 1 and Sa', thus the min-max characterization of the second 
eigenvalue as well as the triangle inequality yields 

\\Sa - Sa\\L^(M^) < C ( 1 1 V5q || ^2 (m„ ) + 1 1 ^'^'a || L2(M„ ) ) 

< C \\'VSa\\L^(M^) + \\Sa ' A^a || ^2 ) ) (by Grsen's identity) 

< Ca("-2)/2 , (81) 

by the derivative bounds on Sa and the fact that Sa is a normalized eigenfunction of Aj^^ with 
small eigenvalue proportional to a"^^. Next, 

W^M^Sa - A]yj^Sa\\Li/^{M^) < \\AM^Sa\\Li/^{M^) + II "5*0 II L9/2 (M„) 

< Ca~i+"«/2 ^ (82) 

using the derivative bounds of Sa and the first eigenvalue estimate once again. Combining (|l]) 
and (HI) in ( |80| ) yields the desired estimate. □ 



This more specific information about the eigenfunction Sa makes it possible now to deduce the 
lower bounds (^5|). The most important of these, and the only one which needs to be seen explicitly, 
is the following one. 

Proposition 41. There is a number Ay with < A^ < Aq and a constant C > which is 
independent of a so that if a < A^ then the function il^i^a satisfies the inequality \{il^i^a, Sa) \ > C 

Proof. Choose a < so that all the estimates of the previous sections are valid. Using integration 
by parts, the Neumann condition and the definition of Ve given in equation (^), one deduces 

- ('01, a, Sa) = {Aj^-j^Ve, Sa) 

= / Sa^^ - Vi {Ve,Sa) 

SaV - Vi {Ve, Sa) ■ (83) 

The properties of Sa that have been deduced from the approximation Sa will be used to estimate 
both these terms. First, by the estimate of vi, 

i^i{ve,Sa) <C,a"-^ (84) 

where C is independent of a because the norm of depends only on the geometry of Ma near 
its boundary. Next, 

SaV> f SaV- f \Sa-Sa\\v\>-^-Ca^"~^^/\ (85) 

using the supremum norm estimate of \Sa — Sa\ at the boundary and the fact that the boundary 
values of Sa are known exactly. In Lemma it was shown that the quantity {a, Sa) is bounded 
below by a constant independent of a. Thus combining the upper bound (|8^ ) with the lower bound 
(|85|) in inequality (^) yields the desired result when a is sufficiently small. □ 
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5.6 The Full Injectivity Estimate for DF„(0, 0, 0) 

The groundwork for the fuU injectivity estimate for the operator DFq,(0,0, 0) has now been laid 
and it is possible to prove the following theorem. 

Theorem 42. If a < Aj, then there is a geometric constant C independent of a so that the 
following estimate is valid: 



for any {u,a,b) G Bi^a x R^. Consequently, Cl{oi) — Ce^^ 



(86) 



Proof. Suppose that the theorem is false. Then there is a sequence of parameters aj (thus 
also a sequence of scales ej and weight functions pj) and a sequence of elements {uj, aj, bj) G Bi^oj, 
normalized so that \\{uj,aj,bj)\\^2,fi^j^ .)x'r? ~ ^ ^'-'^ every j, which satisfy the estimates 



(87) 



It will be shown that (uj, aj, bj) (0, 0, 0), contradicting the normalization. 

The first step towards establishing the contradiction is to show that the sequences aj and bj tend 
towards zero as j — > cx). Begin by integrating both sides of equation ( |87| ) over M^j and estimating 
terms: 



-2,3 



Ma ■ J 



— >\aj\ /_ p'V'o.a, - \bj\ 



Ma, 



Ja 



Ma 



p^jCos{9j^j^_)AM^Uj 



P] sin(%/„.)(i/Af^, Vuj 



The first integral in equation ( |8q ) is bounded below according since p — R and V'o.oj — 1 in Af^UMj. 
The second integral vanishes because pj is constant in the support of ipi^aj which occurs only near 
the boundary: 



J Ma . J Ma ■ ' 



= 



dMa 



(89) 



by the definition of v. 

For the third integral in equation (^8|) , use the orthogonality of A^^^ Uj to the constant function 
to estimate 



/ p'cOs(0m„.)Am„.Wj = / (p]cOs{eMa.)-R^)^Ma.Uo 

J Ma- ' ' J Ma- ^ ' / °J 

<C\\p^.-R^" 



HMa^) 



< Ce 



(using the bounds on 9J^J ) 

aj 

(90) 



because of the fact that pj differs from R only in a ball of radius Sj. The second eigenvalue estimate 
as well as the normalization of Uj have been used to control the ||A^^ ''^\\L^{Ma-) term. Finally, 



the last integral in (|88|) is bounded above by Caj because of the bounds on 9]^ from (Eg) and 
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on the mean curvature from Proposition |15|. Taking this fact along with equations (|90|) and ( p9| 
together with equation (^) and rearranging terms yields an estimate of the form 



\a,\<C 



2li 

j 



(91) 



which shows that 



0. 



Next, multiply both sides of equation ([87[) by Sa , integrate over , and use the orthogonality 



of 

.^j t*-* eigenfunction S'q. as in 



to obtain 



-2/3 



c- 



AIo, 



Mo, 



J Mo, 



(pi cos( 



'Mo 



A/a 



(92) 



The IS'o.j Iq^t/^ term can be bounded below by using the approximating eigenfunction Saj- The 
first integral on the right hand side of equation (|9^ ) is bounded below as a result of Lemma ^ 
and the properties of p. The second and third integrals can be bounded below exactly as in the 
analysis of equation (^). The last integral can be bounded below using the fact that p'jipo^aj ~ 1 



(93) 



in M[ U M2 and /^-^ Saj — 0. Consequently, equation (|9^) leads to an estimate of the form 

-4/3 



\b,\<C 



nfi 



where C is independent of j, which shows that the sequence hj ^ as well. 

The fact that the limits of the sequences Oj and hj are zero has two contradictory conse- 
quences. On the one hand, the normalization of {uj,aj,bj) implies that if j is sufficiently large 
then \uj\^2,ii,j^j s > i. On the other hand, the assumption ( |8^ ) in conjunction with ( |9l| ) and (^Sj 

implies that 

~'2fJ\ 2 A _ I 
£j \P]^M^^'^l\c°f{Mo.^) 

Thus by the injectivity estimate for A^t^ in the C^:'^ norms, 

1 



0. 



- < \Uj\cfl^^Mo,^) - ^^\P^j^Mo,^'^3\c°fiMo.^) 



0. 



This contradiction shows that the assumption (87) must be false, thereby completing the proof of 
the theorem. □ 



5.7 Surjectivity of the Linearized Operator 

The preceding result concludes the lengthy proof of the injectivity of the linearized deformation 
operator DFq, (0,0,0) and identifies the dependence of the injectivity bound on the parameter a. 
The final step in the analysis of the linearized operator is to show surjectivity. But given all the 
work that has been done so far, this is now a fairly trivial matter. 

Theorem 43. If a < A-j , then the operator DFq (0,0,0) : Bi^a x — > C°p^{Ma) is surjective. 
Proof. Recall that when a is sufficiently small, DFq(0, 0, 0) is a small perturbation of the operator 

(m, a, b) t-^ ^Mo, " + «'/'o,Q + hij^i^a ■ (94) 

Thus by standard elliptic theory, the surjectivity of DFq,(0, 0, 0) is equivalent to the surjectivity of 
the operator in (|9^). 



33 



Let / be any function in C°''^(A/q). To show surjectivity, one must solve the equation 

'!^M^'^ = aipQ.a + blpl.a - f (95) 

for {u,a,b) € Bi^a x R^- By the self-adjointness of the Laplacian, equation ( psf ) can be solved for 
u G Bi^a if and only if the right hand side of the equation is orthogonal to both the functions 1 and 
Sa- Thus a and b must be chosen to satisfy the system of equations: 

a / ipo,a +b ipi,a = / / 

f f f 

a ijQ.aSa+b ■4'l,aSa= fSa 



Mo, JMc JM, 



in order to solve (p5|). But recall once again that /^^^ 4'i.a = Jgj^j v — and that /^^ tpo,a is 
strictly positive. Thus, 



/ / ^0,a 

A/a / \"'A'/„ 

This value of a can now be substituted into the second of the two equations in ( |9^ ) above and 
because "01,0 Sa is also strictly positive according to Proposition (41), b can be found as well. 



The integrability conditions for equation ( psj ) can thus be satisfied by a suitable choice of a and 
b. Consequently, a function u € Bi,a satisfying ( ^5| ) exists. The regularity of u follows from elliptic 
regularity theory for the operator Ajg^ and the fact that /, -00,0 and ■01, a are at least C°'''. □ 

6 Solving the Nonlinear Problem 

6.1 The Nonlinear Estimate 

The remaining components of the proof of the Main Theorem are to bound the nonlinearities of 
Fa and to estimate the size of Fa(0, 0,0) according to the outline presented in Section 2.1. The 
difference 



p''(^{-DFaiH, e, B) - ^Fa (0, 0, 0)) {u, a, b) 



< CN{a)\\{H,d, B)\\^2,ff^j^j^^^^, ll(«'«>^)llc?-^(A7a)xR2 (97) 

will be estimated using scaling techniques, and starts with a lemma concerning the behaviour of 
the Hamiltonian flow under rescaling 

44. Let H : R^" — > R. be a C'^^f^ function and suppose (f>\f denotes the Hamiltonian flow 
associated to H. If : R^" — > R^" is the diffeomorphism given by <j^{x) = ex then 

where is the function e^^H o a^. 

Proof. . The proof is simply a matter of differentiating both sides in t and comparing the results. □ 
This fact about the Hamiltonian flow makes it possible to deduce the dependence of Cat (a) on a. 

Proposition 45. Suppose a < Aj . Then the linearization of the operator Fa at the point {H, 9, B) 
in Bi,a X R.^ satisfies the estimate: 



p2 (BFa {H, 9, B) - DF„ (0, 0, 0)) (m, a, b) 

<CAre-2-2^||(i7,^?,B)||p.,.(^^^),j,.||(^i,a,5)||p.,.(,j^),j,. (98) 
for all (u, a, b) G Bi,a x R^, where C'n is a constant independent of a. 
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Proof. Choose x e Ma and let s — p{x). Denote by a the rescahng given by 17(0;) = sx. Denote by 
hi the rescaled embedding o ha which embeds the submanifold ^Ma into R^". Furthermore, 
let Voli denote the volume form of this embedding and its induced metric. Recall that 

Fa{H, 9, B) is a C"''^ function of Ma and so it can be evaluated at x. This leads to the calculation: 



Fa{H,e,B){x) = o <p]j^ o hi)* cr*Im(e'^dz),Vol 



Ma 



(x) 



= (((cJ-i o o a)o o (f>]^^ o ct) o hi)* (7*Im(e'''dz),VolM„J)__ (x) 



o (P'h; o hi) Im(e"'dz),Voli^^ (cr(x)) . 



(99) 



The right side of equation ( p9| ) can be written as Gi^H" , 9, s^^B) (x), where G : R^" R restricted 
to the Ma- Since, by definition of p the bounds on the induced metric of Ma are uniform in a ball 
of radius 5^ about x, the map G is independent of a in this ball. Consequently, 



|p2 (pFa{H,e,B) ~-DFa{0,0,0))\^ 



< 



/ dG{H^ 



+ ta,B/s + tb/s) 



dt 



dG{tu\ta,tb/s) 



dt 



t=0 



< Cs^ ■ ||K,a,s ^6)||c2(i3i/2K,(^))xR2 • ^B)||c2(Si/2K.(^))xR2 , 



(100) 



as a result of straightforward continuity bounds on the map G in the rescaled ball Bi/2k^{x). 
Simple scaling arguments and the lower bound on p then lead to the estimate 



(u^a,s ^&)||c2(i3i/2^jj,))xR2 < Ce \\{u,a,h)\\c^(^B,/2K,{x))xTC- 



(101) 



for any {u,a,b) € Bi^a x R^- Substituting for the norms on the right hand side of (100) yields 
the supremum estimate needed to prove Proposition The Holder estimate follows from similar, 
though more involved, calculations which can be found in The e~^'^ factor arises during the 
course of this latter calculation. □ 



6.2 The Size of the F„(0, 0, 0) Term 

The constants CL(a) and CNia) required to estimate the size of the neighbourhood of surjectivity 
of the map Fa about (0, 0, 0) according to the Inverse Function Theorem have now been found. It 
remains to estimate the size of Fa{0, 0, 0) in the G^'^ Schauder norm. 

Proposition 46. Suppose a < A-/. Then ^^(0, 0,0) satisfies the bound 

\p'Fa{0,0McO-^iM^) < Ca3-2/3~2^*/„ ^ 

where the constant G is independent of a. 

Proof Abbreviate F„(0, 0, 0) = (h*^ (Imdz) , Volj^-jJ by E. Thus by Proposition |l|, 

\E\oM^<Ga. 

But it is also true that E vanishes everywhere except inside the transition region Ti U T2 . Property 
1 of the weight function p implies that |p(a;)| < Ce~'^||a;|| in the transition region. Since < Ca 
there, 

\p'E\o.M^ < Ca^e-^P , (102) 

where C is a constant independent of a. Using the relationship e < Ga^~^^^" yields supremum 
estimate required to prove the proposition. The Holder estimate can be estimated in a similar, 
though more involved manner. The relevant calculations can be found in □ 
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6.3 Invoking the Inverse Function Theorem 

All four components of the proof of the Main Theorem are now in place: the injectivity of the 
linearized operator and the injectivity bound; the surjectivity of the linearized operator; the estimate 
on the nonlinearities of Fa', and the size of at zero. All that remains is to assemble these results 
and to conclude the proof of the Main Theorem. 

Existence and Regularity of Ma 

Choose a < At. The calculations of Section 5 show that the linearized operator DFq,(0, 0, 0) is a 
bijection. Furthermore, the functional dependence of Cl(q:) and CAr(a) on a have been estimated 
as well, in Sections 5 and 6, respectively. Substitute these estimates, along with the estimate the 
size of Fq,(0, 0,0) found in Section 6.1, into the inequality of the Inverse Function Theorem. 
One concludes that a solution of the equation Fa{u, a,b) = in the space Bi^a x can be found 
if 



Rewrite (103) in terms of a alone: thus a solution exists whenever 

Q,l-2/n-8/3(l + l/n) < ^ 

By examining the power of a in this inequality, it is easy to see that the inequality can be satisfied 
by all sufficiently small a so long as n > 3 and (3 is itself chosen less than some a-independent upper 
bound. Therefore, there always exists {Ha, da, ba) solving the equation Fa{H, 9,b) — provided a 



is smaller than some upper bound. Note that the (103) can not be satisfied for all sufficiently small 
a in the case n = 2. 

The solution [Ha,Oa,ba) that has been found belongs to C'l'^{Ma) x R'^ and thus Ha is smooth 



by standard elliptic regularity theory |22 . By the definition of the map Fa, this means that the 
submanifold 

Ma=(j)l^ O 4,\^^^^{Ma) 

is a smooth, minimal Lagrangian submanifold calibrated by the form Re (^e'^° dz) and has boundary 
lying on the scaffold Wq = 0^(VI^). 

Embeddedness of Ma 

According to the Inverse Function Theorem, the solution of the equation Fa{Ha,da,ba) = 
satisfies the estimate: 

\\Ha,ea,ba\\al^.^M^^^^. < = ^"^"^'^ (^O^) 

for some geometric constant C independent of a. This, in turn, implies that 

\pWHa\Q^M^<Ce'^+^f^ and \ba\ < Ce''+^^ . (105) 

Both these quantities tend towards zero as a ^ 0. 

In order to determine whether Ma = (l^i ° 't'ln ) (-^a) embedded submanifold of R^", it 
is enough to show that the Hamiltonian diffeomorphism (pl o (pjj^ ^ deforms Ma in a sufficiently 
small manner in the sense. But this is now a consequence of the fact that the Hamiltonian flow 
is a smooth function of the Hamiltonian and its first derivatives. The proof of the Main Theorem 
is now complete. □ 
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